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Chapter 1

Introduction

After its foundation by von Neumann and Morgenstern [vNM44] in the
1940s, game theory has quickly become a valuable tool for modelling the
interaction of several agents with individual and possibly conflicting objec-
tives. It has applications in many scientific fields such as economy, sociology,
biology, logic and computer science. Whereas the games used in the former
three areas are usually finite in the sense that any play of these games ends
after a finite number of steps (in fact often after only a single step), the
games used in logic and computer science are in general infinite.

More precisely, an infinite game is played for an infinite number of
rounds. In each round, one player chooses an action depending on the se-
quence of actions chosen in previous rounds. After infinitely many rounds,
an infinite sequence of actions has emerged, called the outcome of the game.
Each player receives a payoff determined by a payoff function mapping each
possible outcome to a real number in the interval [0, 1]. We will concen-
trate on games where the possible payoffs are just 0 and 1, in which case a
winning condition, given as an abstract set of possible outcomes, is used to
determine whether a player wins (payoff 0) or loses (payoff 1) an outcome.

In logic, games are used to evaluate a logical formula in a mathematical
structure and to compare mathematical structures with respect to their
(in)distinguishability by a certain logic. Games of the former kind are called
model checking games; games of the latter kind are called model comparison
games. Whereas model checking and model comparison games for plain
modal or first-order logic are finite games, infinite games arise as model
checking games for fixed point logics and as model comparison games for
infinitary logics.

In computer science, games are used for the verification and synthesis
of reactive systems, i.e. systems that interact with their environment. As
soon as the systems under consideration do not necessarily terminate, these
games become infinite. For example, the behaviour of an operating system
can be understood as an infinite game between the system and its users.
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So far, the games used in logic and computer science have usually been
two-player zero-sum games, i.e. games with only two players where one
player wins if and only if the other player loses. For example, in a model
checking game, one player wants to show that the given formula holds in the
given structure whereas the other player wants to show that this is not the
case. Analogously, in a game used for verification, one player wants to show
that the given system is able to react against its environment in such a way
that the resulting execution path of the system fulfils the given specification
whereas the other player wants to show that this is not the case.

Only in recent years, computer scientists have turned to games with
arbitrarily many players that are not necessarily zero-sum. Their motivation
has been the verification of multi-component systems. Indeed, the general
model of an infinite game offered by game theory seems to be the natural
framework for modelling a system with several interacting components, each
having its own specification.

Equilibria capture rational behaviour in infinite games with an arbitrary
number of players. Intuitively, the game is in an equilibrium state if no
player can receive a better payoff by changing her behaviour. Research in
computer science [CJM04, CHJ04] has focussed on the concept of a Nash
equilibrium. However, we will focus on the concept of a subgame perfect
equilibrium because it seems to be more suitable for infinite games.

Nash or subgame perfect equilibria may not exist in general. However,
Chatterjee et al. [CJM04] showed that Nash equilibria exist in games where
the winning condition of each player is given by a Borel set in the usual
topology on infinite sequences. We extend their result to subgame perfect
equilibria. In verification, winning conditions are usually sets of infinite
sequences definable in monadic second-order logic (MSO). These sets occur
in very low levels of the Borel hierarchy (namely in Σ0

3 ∩Π0
3).

The mere existence of a subgame perfect equilibrium is often not satis-
factory because they may be too complex to be implemented. In a general
framework of games played on a directed graph as an arena, we show the
existence of subgame perfect equilibria in strategies with bounded memory
for games with a finite arena and MSO-definable winning conditions. As
an intermediate step, we handle games where the winning condition of each
player is a parity condition. These games are a natural generalisation of
parity games, which have received much interest in recent years.

Computing subgame perfect equilibria in games with MSO-definable
winning conditions is another interesting problem. We present two algo-
rithms for this purpose, the first one computing an arbitrary subgame per-
fect equilibrium and the second one computing an optimal subgame perfect
equilibrium. However, the quest for optimality seems to have its price here
as the amount of time and space required by the latter algorithm is sub-
stantially larger. In fact, there is complexity-theoretical evidence that this
is not the fault of our algorithm but of the problem itself.
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Outline

In Chapter 2, we introduce the model of an infinite game and discuss the
concepts of a Nash and a subgame perfect equilibrium. The last part of
Chapter 2 deals with a characterisation of the two notions in the two-player
zero-sum case.

Chapter 3 deals with games where the winning condition of each player
is a Borel set. After recalling some results for the two-player zero-sum case,
we show that subgame perfect equilibria exist in these games.

In Chapter 4, we discuss games played on directed graphs with relatively
simple winning conditions. The main part of Chapter 4 is concerned with
our results on games with parity winning conditions.

Chapter 5 generalises the results obtained for games with parity winning
conditions in Chapter 4 to games with MSO-definable winning conditions.
Automata-theoretic methods are needed to establish the reduction.

In Chapter 6, we discuss the problem of deciding whether a game with
MSO-definable winning conditions has a subgame perfect equilibrium within
given payoff thresholds. We develop an algorithm for the problem, which can
also be used to compute an optimal subgame perfect equilibrium. Finally,
the last part of Chapter 6 deals with complexity issues.
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Chapter 2

Infinite Games

2.1 Preliminaries

We assume that the reader is familiar with the basic notions of set theory and
formal language theory as presented in the textbooks [HH99] and [HU79,
PP04], respectively. In the following, we recall some basic definitions of
formal language theory to fix our notation.

For a set Σ, a finite word of length n < ω over Σ is a sequence w =
w(0)w(1) . . . w(n − 1) with w(i) ∈ Σ for all 0 ≤ i < n. The length n of a
word w is denoted by |w|. We write ε for the empty word (i.e. the unique
word of length 0). Any a ∈ Σ is identified with the word a of length 1. For
0 ≤ i ≤ j ≤ |w|, w[i, j] denotes the word w(i)w(i + 1) . . . w(j − 1) (where
w[i, i] is the empty word). Σn denotes the set of all words of length n over
Σ, and Σ∗ =

⋃
n<ω Σn denotes the set of all finite words over Σ.

An infinite word over Σ is an infinite sequence α = α(0)α(1) . . . with
α(i) ∈ Σ for all 0 ≤ i < ω. For 0 ≤ i ≤ j < ω, α[i, j] is defined as in the
case of finite words. The infinite word α(i)α(i+ 1) . . . is denoted by α[i, ω].
By Occ(α) we denote the set of all a ∈ Σ such that α(i) = a for at least one
i < ω, and by Inf(α) we denote the set of all a ∈ Σ such that α(i) = a for
infinitely many i < ω. The set of all infinite words over Σ is denoted by Σω.

For two words v, w ∈ Σ∗ of length m and n, respectively, their concatena-
tion is the word v·w = v(0) . . . v(m−1)w(0) . . . w(n−1), which we also denote
by vw for short. Analogously, the concatenation of a word w of length n with
an infinite word α is the infinite word w · α = w(0) . . . w(n− 1)α(0)α(1) . . .,
which we also denote by wα for short. A finite word v is a prefix of a finite
word w, written v � w, if there exists a finite word u with w = v ·u. A finite
word w is a finite prefix of an infinite word α, written w ≺ α, if there exists
an infinite word β with α = v ·β. If V,W ⊆ Σ∗ are sets of finite words, then
V ·W or VW for short is the set of all words v · w with v ∈ V and w ∈ V .
Analogously, if W ⊆ Σ∗ and A ⊆ Σω, then W ·A or WA for short is the set
of all words w · α with w ∈W and α ∈ A.
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A Σ-tree is a prefix-closed, non-empty subset T of Σ∗, i.e. T 6= ∅ satisfies
the condition that, if w ∈ T and v � w, then also v ∈ T . T is called non-
terminating if for any w ∈ T there exists a ∈ Σ such that wa ∈ T .

2.2 Games

Games represent a model for interaction between decision makers. We study
so-called turn-based games in extensive form with perfect information where
the players have to make decisions again and again. Such a game consists
of the following ingredients: a finite set of players, a tree describing which
actions the players can take after any initial sequence of actions taken, a
function determining for each initial sequence which player takes turn after
this sequence and for every player a function giving for every possible play
the resulting payoff for this player. For the sake of simplicity, we do not
allow dead ends in the game tree.

Definition 2.1. An infinite game is a tuple G = (Π,Σ, T, λ, (µi)i∈Π) where

(1) Π is a non-empty, finite set of players,

(2) Σ is a non-empty set of actions,

(3) T is a non-terminating Σ-tree,

(4) λ is a function from T to Π, and

(5) µi is a function from Σω to the interval [0, 1] of real numbers.

The tree T is called the game tree, λ is called the move function, and µi is
called the payoff function of player i. A sequence h ∈ T is called a history
of G, and an infinite sequence π ∈ Σω such that every finite prefix of π lies
in T is called a play of G. For a play π of G, the number µi(π) is called the
payoff of π for player i, and the tuple (µi(π))i∈Π is called the payoff of π.

The idea of an infinite game is the following: Elements of the action
set Σ correspond to primitive actions of the game. A play starts with the
empty history ε. Then for any history h ∈ T , the player λ(h) must choose
an action a ∈ Σ such that the resulting sequence ha is again an element of
T . In this fashion, an infinite play evolves.

The interpretation of the payoffs is the following: If µi(π1) ≤ µi(π2) for
two plays π1 and π2, then π2 is at least as good as π1 for player i.

Example 2.1. In the prisoners’ dilemma, there are two prisoners 0 and 1
accused of the same crime. Both can either confess or remain silent. If both
remain silent, they can only be convicted for a small crime. If one confesses
and the other remains silent, the one who remains silent must take on all
the burden and is sentenced to a long time in prison whereas the one who
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confesses is immediately released. Finally, if both confess, then both are
sent to prison, but they do not need to stay as long as the one who remains
silent if the other one confesses. The game is usually formulated as a so-
called strategic game where the players choose actions simultaneously. To
use our game model, we adopt the convention that prisoner 0 is the first to
be questioned and that prisoner 1 is attendant when prisoner 0 makes his
statement (as it would probably be the case in a joint trial against the two).
Under this interpretation we refer to the game as the sequential prisoners’
dilemma.
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Figure 2.1: The sequential prisoners’ dilemma as an “infinite game”

We model the game by an infinite game G = ({0, 1}, {c, s, x}, T, λ, µ0, µ1)
with T = {ε} ∪ {c, s} ∪ {c, s} · {c, s} · {x}∗ where

λ(h) =

{
0 if h = ε,
1 otherwise

for all h ∈ T and

µi(π) =


1 if π(i) = c and π(1− i) = s,
2
3 if π(i) = s and π(1− i) = s,
1
3 if π(i) = c and π(1− i) = c,
0 otherwise

for all π ∈ {c, s, x}ω and i ∈ Π. Obviously, the payoff of a play depends
only on the first two actions. We just added “dummy moves” to end up
with an infinite game. This gives rise to calling G a finite game despite its
definition as an infinite game. Figure 2.1 shows the game tree where a node
is labelled with the player who has to move and an edge is labelled with the
corresponding action. We prune a subtree if all plays leading in this subtree
have the same payoff and label its root with the respective payoff.

We call an infinite game discrete if a player can only lose (payoff 0) or
win (payoff 1). An important subclass of discrete infinite games consists of
all these games where every play has precisely one winner. We call these
games zero-sum.
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Definition 2.2. An infinite game G = (Π,Σ, T, λ, (µi)i∈Π) is called discrete
if for each player i ∈ Π we have µi(Σω) ⊆ {0, 1}. The game G is called zero-
sum if G is discrete and the sets µ−1

i (1) of winning plays for player i define a
partition of Σω. For discrete games we write G = (Π,Σ, T, λ, (Ai)i∈Π) where
Ai = µ−1

i (1) ⊆ Σω. We call the set Ai the winning condition of player i.

A strategy is a plan telling a player which action to choose after every
history of the game where it is her turn.

Definition 2.3. For an infinite game G = (Π,Σ, T, λ, (µi)i∈Π), a strategy of
player i in G is a partial function σ : T → Σ such that

(1) σ(h) is defined if and only if λ(h) = i, and

(2) hσ(h) ∈ T if λ(h) = i

for all histories h ∈ T . A play π of G is consistent with σ if π(k) = σ(π[0, k])
for all k < ω with λ(π[0, k]) = i.

A strategy profile of G is a tuple (σi)i∈Π of strategies σi for each player
i ∈ Π in G. A strategy profile (σi)i∈Π uniquely determines a play consistent
with each σi which we will denote by 〈(σi)i∈Π〉. This play is called the
outcome of (σi)i∈Π. The payoff of a strategy profile is the payoff of its
outcome.

Example 2.2. In the game G from Example 2.1, player 0 has only two differ-
ent strategies, namely to choose c or s in the beginning of the game. Player
1 has four different strategies, namely to choose c or s after player 0 has
chosen c or s. A strategy profile (σ, τ) where σ is a strategy of player 0 and
τ is a strategy of player 1 induces a play with payoff

(1) (1
3 ,

1
3) if σ(ε) = c and τ(s) = c,

(2) (1, 0) if σ(ε) = c and τ(c) = s,

(3) (0, 1) if σ(ε) = s and τ(s) = c,

(4) (2
3 ,

2
3) if σ(ε) = s and τ(s) = s.

The notion of games in extensive form is due to von Neumann and Mor-
genstern [vNM44] and Kuhn [Kuh50]. In game theory, a different model
is widely used, namely the model of strategic games. In this model, whole
strategies are taken as primitives (cf. [OR94] for a thorough discussion).
However, as we are interested in the sequential structure of games, we will
focus on infinite games and use game as a synonym for infinite game.
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2.3 Equilibria

In the following, we assume that each player acts rationally, i.e. when choos-
ing actions each player aims to maximise her payoff, and that each player has
perfect information, i.e. when choosing an action each player knows about
the complete history.

Nash [Nas50] introduced the notion of equilibria to model rational be-
haviour in games. In an equilibrium state, every player’s strategy is optimal
given the strategies of her opponents. Thus no player has a reason to change
her strategy. Nash’s notion of equilibria was originally formulated for strate-
gic games, but it can be applied to games in extensive form as well.

Definition 2.4. For a game G = (Π,Σ, T, λ, (µi)i∈Π), a strategy profile
(σi)i∈Π of G is called a Nash equilibrium if for all players i ∈ Π we have

µi(〈σ′, (σj)j∈Π\{i}〉) ≤ µi(〈(σj)j∈Π〉)

for all strategies σ′ of player i in G.

Example 2.3. The unique Nash equilibrium of the game from Example 2.1
is the strategy profile (σ, τ) where σ is the strategy of player 0 with σ(ε) = c
and τ is the strategy of player 1 such that τ(c) = τ(s) = c. (σ, τ) is a Nash
equilibrium because, if either one player switches to action s instead of c,
then this player will get payoff 0, which is not greater than 1

3 , the common
payoff of the equilibrium. It remains to show that there are no other Nash
equilibria. Let σ and τ be strategies of player 0 and player 1, respectively:

(1) If σ(ε) = s and τ(s) = s, then player 1 can improve her payoff to 1 by
choosing action c instead of s after history s;

(2) If σ(ε) = s and τ(s) = c, then player 0 can improve her payoff to at
least 1

3 by choosing action c instead of s;

(3) If σ(ε) = c and τ(c) = s, then player 1 can improve her payoff to 1
3 by

choosing action c instead of s after history c;

(4) If σ(ε) = c, τ(c) = c and τ(s) = s, then player 0 can improve her
payoff to 2

3 by choosing action s instead of c.

Thus (σ, τ) is a Nash equilibrium only if σ(ε) = c and τ(c) = τ(s) = c,
which proves the claim.

Note that in particular when applying the strategies in the Nash equi-
librium both players receive a smaller payoff than if they both choose action
s. However, the latter strategy profile is not rational because, if player 0
chooses s in the beginning, then player 1 will choose action c which gives
her a payoff of 1 compared to 2

3 if she chooses action c. Anticipating this
behaviour, player 0 will choose action c in the first place to guarantee a
payoff of 1

3 compared to 0 if she chooses action s.
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The following proposition shows that already for games with only one
player we cannot guarantee the existence of a Nash equilibrium at least if
we allow games with infinitely many payoffs. Note that a Nash equilibrium
of a one-player game is just a strategy generating a play with a maximal
payoff.

Proposition 2.5. There is a one-player game that has no Nash equilibrium.

Proof. Let G = ({0}, {0, 1}, {0, 1}∗, λ, µ) be the game where λ(h) = 0 for all
h ∈ {0, 1}∗ and

µ(π) =

{
1− 1

min{k<ω:π(k)=0}+1 if π 6= 1ω,

0 otherwise

for all π ∈ {0, 1}ω.
Assume (σ) is a Nash equilibrium of G. Clearly, σ(h) 6= 1 for some

h ∈ {1}∗ because otherwise µ(〈σ〉) = 0, but any strategy σ′ with σ′(h) = 0
for some h ∈ {1}+ gives a better payoff. Thus n = min{k < ω : σ(1k) =
0} exists and we have µ(〈σ〉) = 1 − 1

n+1 . But then any strategy σ′ with
σ′(1k) = 1 for all k ≤ n but σ′(1n+1) = 0 gives payoff µ(〈σ′〉) = 1 − 1

n+2 >
µ(〈σ〉), which yields a contradiction to the assumption that (σ) is a Nash
equilibrium.

On the other hand, any one-player game with only finitely many payoffs
has a Nash equilibrium, as there exists a play with maximal payoff. However,
already if we allow two players, we can construct a zero-sum game that has
no Nash equilibrium. There are trivial examples for strategic games, where
the players have incomplete information, but for our model of infinite games
we rely on the axiom of choice to define a zero-sum game with no Nash
equilibrium. We use a construction due to Gale and Stewart [GS53].

Proposition 2.6 (Gale, Stewart). There is a two-player zero-sum game
that has no Nash equilibrium.

Proof. Let Π = Σ = {0, 1}, and λ : Σ∗ → Π, h 7→ |h| mod 2. By Si we
denote the set of partial functions from Σ∗ to Σ which are precisely defined
for every h ∈ Σ∗ with λ(h) = i. Clearly, an element σ of S0 and an element
τ of S1 determine a unique infinite sequence over Σ, which we denote by
〈σ, τ〉.

Let κ be the cardinality of S0 and S1 (obviously |S0| = |S1|). It is easy to
show that κ = |{0, 1}ω| = 2ℵ0 . By Zermelo’s well-ordering theorem, which
is equivalent to the axiom of choice, there exists a well-ordering on this set
which is isomorphic to (κ,<). Thus we can enumerate the elements of Si

by all ordinals below κ, i.e. Si = {σα
i : α < κ}.
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To define the payoff function of our game, we define inductively the
following sets. Let

L0 = M0 = ∅

and

Lλ =
⋃
α<λ

Lα, Mλ =
⋃
α<λ

Mα

if λ ≤ κ is a limit ordinal. To define Lα+1 for some ordinal α < κ, consider
the function σα

1 ∈ S1. Choose some σ ∈ S0 such that 〈σ, σα
1 〉 is neither an

element of Lα nor of Mα. This is possible since |Lα ∪Mα| ≤ 2 · α < κ, but
|{〈σ, σα

1 〉 : σ ∈ S0}| = κ. We define

Lα+1 = Lα ∪ {〈σ, σα
1 〉}.

Analogously, we choose some τ ∈ S1 such that 〈σα
0 , τ〉 6∈ Lα+1 ∪Mα and

define

Mα+1 = Mα ∪ {〈σα
0 , τ〉}.

Finally, let A0 = Lκ and A1 = Σω \ Lκ. Obviously, the resulting game
G = (Π,Σ,Σ∗, λ, A0, A1) is zero-sum and the set of strategies of player i ∈ Π
in G is precisely the set Si.

We show that G has no Nash equilibrium. Towards a contradiction,
assume that (σ, τ) with σ ∈ S0 and τ ∈ S1 is a Nash equilibrium of G. We
only discuss the case that 〈σ, τ〉 is won by player 0, i.e. µ0(〈σ, τ〉) = 1. As
the game is zero-sum, this implies µ1(〈σ, τ〉) = 0. Now, we have that σ ∈ S0

and thus σ = σα
0 for some ordinal α < κ. By definition of Mα+1, there is

some strategy τ ′ of player 1, such that 〈σ, τ ′〉 ∈ Mα+1. But then the play
〈σ, τ ′〉 is not an element of any of the sets Lβ, hence 〈σ, τ ′〉 6∈ Lκ, which
implies µ1(〈σ, τ ′〉) = 1. But then, (σ, τ) is not a Nash equilibrium because
player 1 can improve her payoff by choosing τ ′ instead of τ . The case that
〈σ, τ〉 is won by player 1 is analogous.
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Figure 2.2: A game with an implausible Nash equilibrium.
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Example 2.4. Consider the discrete game G with its pruned game tree de-
picted in Figure 2.2. For a, b ∈ {0, 1} let σa be a strategy of player 0 with
σ(ε) = a and let τab be a strategy of player 1 such that τab(0) = a and
τab(1) = b. Clearly, (σ0, τ10) is a Nash equilibrium of G. However, this
equilibrium is not rational because, if player 0 chooses action 1 instead of
0, then she can be sure that player 1 will change her strategy and choose
action 1 to receive payoff 1 instead of 0 if she chooses 0. But this also gives
player 0 a better payoff, namely 1 instead of 0 if she chooses action 0.

The problem of using Nash equilibria for games in extensive form is that
they ignore the sequential structure of the game, where it is possible to
switch strategies during a play to get a better payoff. As we have seen in
the last example, this may make some Nash equilibria implausible. Selten
[Sel65] came up with an equilibrium notion which eliminates such equilibria.

Definition 2.7. For a game G = (Π,Σ, T, λ, (µi)i∈Π) and a history h ∈ T ,
the subgame of G with history h is the game G|h = (Π,Σ, T |h, λ|h, (µi|h)i∈Π)
defined by

(1) T |h = {w ∈ Σ∗ : hw ∈ T},

(2) λ|h : T |h → Π : w 7→ λ(hw), and

(3) µi|h : Σω → [0, 1] : π 7→ µi(hπ) for all i ∈ Π.

A strategy σ of player i in G induces a strategy σ|h of player i in G|h defined
by σ|h(w) = σ(hw) for all w ∈ T |h.

Definition 2.8. For a game G = (Π,Σ, T, λ, (µi)i∈Π), a strategy profile
(σi)i∈Π is called a subgame perfect equilibrium if for all players i ∈ Π and all
histories h ∈ T we have

µi|h(〈σ′|h, (σj |h)j∈Π\{i}〉) ≤ µi|h(〈(σj |h)j∈Π〉)

for all strategies σ′ of player i in G. Equivalently, (σi)i∈Π is a subgame
perfect equilibrium of G if and only if (σi|h)i∈Π is a Nash equilibrium of G|h
for all histories h ∈ T .

Example 2.5. Let G be the game from Example 2.4 together with the strate-
gies σa and τab for a, b ∈ {0, 1} of player 0 and player 1, respectively, as
defined there. Then (σ1, τ11) is a subgame perfect equilibrium of G, but
(σ0, τ10) is not because, given history 1, the choice of action 0 is not optimal
for player 1.

We show that there are games that have a Nash equilibrium but no
subgame perfect equilibrium. To construct such a game, we just take a
game G, say with at least one player 0 and action set {0, 1}, that has no
Nash equilibrium and use it as the subgame with history 1. As the subgame
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with history 0, we take a game in which all plays have payoff 1 for player 0
and payoff 0 for all other players. At the empty history, it is player 0’s turn.
Then any strategy profile where player 0 has a strategy σ with σ(ε) = 0
is a (plausible) Nash equilibrium but, as the subgame with history 1 has
no Nash equilibrium at all, this game has no subgame perfect equilibrium.
Using the games constructed in Proposition 2.5 and 2.6, we get the following
propositions.

Proposition 2.9. There is a one-player game that has a Nash equilibrium
but no subgame perfect equilibrium.

Proposition 2.10. There is a two-player zero-sum game that has a Nash
equilibrium but no subgame perfect equilibrium.

One may interpret these propositions as an indication that the notion
of a subgame perfect equilibrium is too strong. However, note that the
games constructed to show the two propositions are very near to having
no Nash equilibrium at all, i.e. if we change the payoff of the plays in the
subgame with history 0 to (1−ε, 0) for any ε > 0, the resulting game has no
Nash equilibrium. Thus, on the one hand, the notion of a subgame perfect
equilibrium is not much stronger than the notion of a Nash equilibrium, but
on the other hand, it is strong enough to exclude implausible equilibria.

2.4 Determinacy

Intuitively, a game is determined if the game admits rational behaviour
and every play of the game that emerges from rational behaviour has the
same payoff. We distinguish two notions of determinacy depending on the
underlying equilibrium notion.

Definition 2.11. A game G is called Nash determined if G has a Nash
equilibrium and any two Nash equilibria of G have the same payoff. G is
called subgame perfect determined if G has a subgame perfect equilibrium
and any two subgame perfect equilibria of G have the same payoff.

Obviously, if a game is Nash determined and it has at least one sub-
game perfect equilibrium, then it is also subgame perfect determined. The
converse does not hold as demonstrated by the following example.

Example 2.6. The game from Example 2.4 is subgame perfect determined
but not Nash determined, as they are two Nash equilibria with different
payoffs, whereas the sequential prisoners’ dilemma (see Example 2.1) is both
Nash and subgame perfect determined1. Now consider the game depicted
in Figure 2.3. For a ∈ {0, 1}, let σa be a strategy of player 0 with σ(ε) = a

1Note that the Nash equilibrium where both players choose to confess is also a subgame
perfect equilibrium.
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Figure 2.3: A non-determined game.

and let τ be an arbitrary strategy of player 1. Then (σ0, τ) and (σ1, τ) are
both subgame perfect equilibria of the game. As the two equilibria have a
different payoff, this game is neither Nash nor subgame perfect determined.

For two-player zero-sum games, determinacy is usually formulated in
terms of the existence of a winning strategy (see [GS53]).

Definition 2.12. For a discrete game G = (Π,Σ, T, λ, (Ai)i∈Π), a strategy
σ of player i ∈ Π is called a winning strategy if all plays π consistent with σ
are won by player i. A two-player zero-sum game G is called determined if
one of the two players has a winning strategy in G.

Obviously, in a zero-sum game at most one player can have a winning
strategy, but in general we cannot rule out that none of the players has a
winning strategy. We show that a two-player zero-sum game is determined
if and only if it is Nash determined in the sense of Definition 2.11 if and only
if the game has at least one Nash equilibrium. Thus, by showing that there
exists a two-player zero-sum game with no Nash equilibrium (see Proposition
2.6), we have shown that there exists a non-determined two-player zero-sum
game. Note that for discrete games G = (Π,Σ, T, λ, (Ai)i∈Π) we can rephrase
the definition of Nash equilibrium as follows: (σi)i∈Π is a Nash equilibrium
of G if and only if for all players i ∈ Π and every strategy σ′ of player i in
G we have that 〈σ′, (σj)j∈Π\{i}〉 ∈ Ai only if 〈(σj)j∈Π〉 ∈ Ai.

In the following, when dealing with two-player zero-sum games, we will
use {0, 1} as the set of players.

Lemma 2.13. In a two-player zero-sum game, any two Nash equilibria have
the same payoff.

Proof. Let G = ({0, 1},Σ, T, λ,A0, A1) and let (σ, τ), (σ′, τ ′) be two Nash
equilibria of G with different payoffs. Without loss of generality we can
assume that 〈σ, τ〉 ∈ A0 and 〈σ′, τ ′〉 ∈ A1. As (σ, τ) is a Nash equilibrium,
we have 〈σ, τ ′〉 6∈ A1. On the other hand, as (σ′, τ ′) is a Nash equilibrium,
we have 〈σ, τ ′〉 6∈ A0. Thus 〈σ, τ ′〉 is not won by any player, a contradiction
to the fact that G is zero-sum.

Lemma 2.14. For a two-player zero-sum game G and strategies σ and τ
of player 0 and player 1, respectively, in G, the following holds: (σ, τ) is a
Nash equilibrium if and only if either σ or τ is winning.
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Proof. (⇒) Assume (σ, τ) is a Nash equilibrium of G. We only discuss the
case that 〈σ, τ〉 is won by player 0. We show that σ is a winning strategy
of player 0. Otherwise there would exist a strategy τ ′ of player 1 such that
〈σ, τ ′〉 is won by player 1. But then (σ, τ) is not a Nash equilibrium, as
player 1 can choose τ ′ instead of τ to get a play won by her. The case that
〈σ, τ〉 is won by player 1 is analogous.

(⇐) Assume without loss of generality that σ is winning. In this case,
for any strategy τ ′ of player 1, we have that 〈σ, τ ′〉 is won by player 0 and
thus not won by player 1. Hence, (σ, τ) is a Nash equilibrium of G.

Theorem 2.15. For any two-player zero-sum game G, the following state-
ments are equivalent:

(1) G is determined.

(2) G has a Nash equilibrium.

(3) G is Nash determined.

Proof. (1) ⇒ (2): Without loss of generality, we can assume that player 0
has a winning strategy σ in G. Take any strategy τ of player 1 in G. By
Lemma 2.14, (σ, τ) is a Nash equilibrium of G.

(2) ⇒ (3): This is an immediate consequence of Lemma 2.13.
(3) ⇒ (1): Take any Nash equilibrium of G. By Lemma 2.14, one of the

two strategies in the equilibrium is winning.

Our next aim is to give a characterisation of subgame perfect determi-
nacy for two-player zero-sum games. We show that a two-player zero-sum
game is subgame perfect determined if and only if every subgame of the game
is determined. As the payoff of a Nash equilibrium of a two-player zero-sum
game is unique, this is also equivalent to the existence of a subgame perfect
equilibrium.

Lemma 2.16. For any discrete game G and strategies σh of some player i
in G|h for each history h of G, there exists a strategy σ of player i in G such
that σ|h is winning in G|h if σh is winning in G|h.

Proof. Let G = (Π,Σ, T, λ, (Ai)i∈Π). Without loss of generality, we can
assume that for all h ∈ T and a ∈ Σ with ha ∈ T , if σh is winning and either
σh(ε) = a or λ(h) 6= i, then σha = σh|a because, if σh is winning in G|h and
either σh(ε) = a or λ(h) 6= i, then σh|a is winning in G|ha.

We define σ by σ(h) = σh(ε) for all h ∈ T . Clearly, σ is a strategy of
player i in G. Let h be any history of G such that σh is winning in G|h, and
let π be a play of G|h consistent with σ|h. By induction on k, we show that
for all k < ω the following holds:

(1) σh·π[0,k] is winning in G|h·π[0,k] and
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(2) σh·π[0,k] = σh|π[0,k].

For k = 0, we have σh·π[0,k] = σh which is winning by assumption. For
k > 0, σh·π[0,k−1] is winning by induction hypothesis. If λ(π[0, k − 1]) = i,
we have that π(k − 1) = σ|h(π[0, k − 1]) = σ(h · π[0, k − 1]) = σh·π[0,k−1](ε).
Thus, in any case, σh·π[0,k] = σh·π[0,k−1]|π(k−1) (see above), which is again
winning. By induction hypothesis, we get σh·π[0,k−1] = σh|π[0,k−1]. Thus,
σh·π[0,k] = σh·π[0,k−1]|π(k−1) = σh|π[0,k−1]|π(k−1) = σh|π[0,k], which proves the
claim.

Now, as π is consistent with σ|h, for any k < ω, if λ(π[0, k]) = i, then
π(k) = σ|h(π[0, k]) = σ(h · π[0, k]) = σh·π[0,k](ε) = σh|π[0,k](ε) = σh(π[0, k]).
Thus, π is also consistent with σh and therefore won by player i. Hence, σ|h
is winning in G|h.

Theorem 2.17. For any two-player zero-sum game G, the following state-
ments are equivalent:

(1) G|h is determined for all histories h of G.

(2) G has a subgame perfect equilibrium.

(3) G is subgame perfect determined.

Proof. (1) ⇒ (2): By Lemma 2.16, there exist strategies σ and τ of player 0
and player 1, respectively, such that for all histories h of G either σ|h or τ |h
is winning in G|h. Thus, by Lemma 2.14, (σ|h, τ |h) is a Nash equilibrium of
G|h for all histories h of G, i.e. (σ, τ) is a subgame perfect equilibrium of G.

(2) ⇒ (3): This is an immediate consequence of Lemma 2.13.
(3) ⇒ (1): If G has a subgame perfect equilibrium (σ, τ), then (σ|h, τ |h)

is a Nash equilibrium of G|h for all histories h of G. Thus by Lemma 2.14,
either σ|h or τ |h is winning in G|h for all histories h of G.

Theorem 2.17 together with Theorem 2.15 shows that, for two-player
zero-sum games, the existence of a Nash equilibrium in each subgame implies
the existence of a subgame perfect equilibrium. For infinite games with more
than two players or non-zero-sum games, this does not seem to be the case.
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Chapter 3

Borel Games

In the theory of infinite two-player zero-sum games, the class of Borel games
is a class of games with “well-behaved” winning conditions. In particular,
every Borel game is determined. The definition of Borel games generalises
naturally to non-zero-sum games with arbitrarily many players. We will
show that every game of this class admits rational behaviour, i.e. every such
game has a subgame perfect equilibrium. The classification is based on
topology.

3.1 Topology

For any set Σ, the set Σω of infinite words over Σ is equipped with the
topology whose open sets are of the form W · Σω for W ⊆ Σ∗. The class
of Borel sets is the closure of open sets under countable unions and com-
plementation. There is a natural hierarchy measuring the complexity of
a Borel set by counting the number of operations “complementation” and
“countable unions” needed to create the set. This hierarchy is called the
Borel hierarchy.

Definition 3.1. A set A ⊆ Σω is called open if A = W · Σω for some
W ⊆ Σ∗, closed if the set Σω \ A is open and clopen if A is both open and
closed. The Borel hierarchy over Σω is inductively defined by

(1) Σ0
1(Σω) = {A ⊆ Σω : A is open},

(2) Π0
α(Σω) = {Σω \A : A ∈ Σ0

α(Σω)},

(3) Σ0
α(Σω) = {

⋃
n<ω An : An ∈

⋃
β<α Π0

β(Σω)} for α > 1, and

(4) ∆0
α(Σω) = Σ0

α(Σω) ∩Π0
α(Σω),

where α ranges over all countable ordinals. A set A ⊆ Σω is called a Borel
set if A ∈ Σ0

α(Σω) for some α.
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See [Mos80] for facts about the Borel hierarchy. In particular, we note
that for |Σ| ≥ 2 the Borel hierarchy is indeed a strict hierarchy, i.e. for
every countable ordinal α we have ∆0

α(Σω) ( Σ0
α(Σω) ( ∆0

α+1(Σω) and
∆0

α(Σω) ( Π0
α(Σω) ( ∆0

α+1(Σω).

Definition 3.2. A function f : Σω → Γω is called continuous if f−1(B) is
open for every open set B ⊆ Γω. We say that f is a continuous reduction
from a set A ⊆ Σω to a set B ⊆ Γω, written f : A ≤ B, if f is continuous
and f−1(B) = A, i.e. for all α ∈ Σω we have α ∈ A⇔ f(α) ∈ B. Moreover
we write A ≤ B if f : A ≤ B for some f .

As made precise by the following lemma, continuous reductions are useful
for comparing the complexity of two sets of infinite words.

Lemma 3.3. Let A ∈ Σω and B ∈ Γω. If A ≤ B and B ∈ Σ0
α(Γω) or

B ∈ Π0
α(Γω), then A ∈ Σ0

α(Σω) or A ∈ Π0
α(Σω), respectively.

Proof. First note that if f : A ≤ B and B ∈ Π0
α(Γω), then Γω \B ∈ Σ0

α(Γω)
and f : Σω \ A ≤ Γω \ B, thus the claim for Π0

α follows from the claim
for Σ0

α. We show the claim for Σ0
α by induction on α. The claim is trivial

for α = 0. Thus assume B ∈ Σ0
α(Γω) for α > 0, i.e. B =

⋃
n<ω Bn with

Bn ∈
⋃

β<α Π0
β(Γω), and f : A ≤ B. Let An := f−1(Bn), thus f : An ≤ Bn

and An ∈
⋃

β<α Π0
β(Σω) by the induction hypothesis. Now, for any α ∈ Σω,

α ∈ A if and only if f(α) ∈ B if and only if f(α) ∈ Bn for some n if and
only if α ∈ An for some n. Hence A =

⋃
n<ω An ∈ Σ0

α(Σω).

In the following, if the alphabet Σ under consideration is clear from
the context, we just write Σ0

α, Π0
α and ∆0

α instead of Σ0
α(Σω), Π0

α(Σω) and
∆0

α(Σω), respectively.

3.2 Borel Games

In the theory of two-player zero-sum games, a Borel game is a game where
the winning condition of player 0 is a Borel set (which implies that the same
holds for the winning condition of player 1). This generalises naturally to
our model of discrete infinite games.

Definition 3.4. A discrete game G = (Π,Σ, T, λ, (Ai)i∈Π) is called a Borel
game if for all i ∈ Π the set Ai is a Borel set. Open games, closed games,
clopen games, Σ0

α-games, Π0
α-games and ∆0

α-games are defined analogously.

Note that, if G is a zero-sum game, then G is a Σ0
α-game if and only if

G is a Π0
α-game if and only if G is a ∆0

α-game. Here our notation differs
from the the usual notation for two-player zero-sum games where the game
is called a Σ0

α-game if the winning condition of player 0 is in Σ0
α (which does

not imply that the winning condition of player 1 is also in Σ0
α).
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Example 3.1. A game G = (Π,Σ, T, λ, (µi)i∈Π) is called finite if the payoff
of any play π depends only on a finite prefix of π, i.e. for every π ∈ Σω

there exists a finite prefix h of π such that for all players i ∈ Π and for all
π′ ∈ Σω with h ≺ π′ we have µ(π) = µ(π′). We show that discrete finite
games correspond precisely to clopen games.

Let G = (Π,Σ, T, λ, (Ai)i∈Π) be a finite discrete game. For any π ∈ Σω fix
a finite prefix hπ such that the payoff of π only depends on hπ and let i ∈ Π.
Then we have Ai = {hπ : π ∈ Ai} ·Σω and Σω \Ai = {hπ : π ∈ Σω \Ai} ·Σω.
Hence Ai is clopen.

Now let G = (Π,Σ, T, λ, (Ai)i∈Π) be a clopen game, say Ai = Wi · Σω

and Σω \Ai = Vi ·Σω with Wi, Vi ⊆ Σ∗ for any player i ∈ Π, and let π ∈ Σω.
For each player i ∈ Π, fix ki < ω such that π[0, ki] ∈ Wi if π ∈ Ai and
π[0, ki] ∈ Vi if π 6∈ Ai. Let k = max{ki : i ∈ Π}. Then for any player i ∈ Π
we have that π[0, k] ∈ Wi · Σ∗ or π[0, k] ∈ Vi · Σ∗. Hence the payoff of π
depends only on π[0, k].

3.3 Determinacy of Borel Games

There is a long history of determinacy result for two-player zero-sum Borel
games. Already in 1913, Zermelo [Zer13] observed that finite two-player
zero-sum games are determined. This was then extended to higher levels
of the Borel hierarchy until Martin [Mar75] succeeded in showing that all
two-player zero-sum Borel games are determined1. By Theorem 2.15, this
is equivalent to the existence of Nash equilibria in these games.

Theorem 3.5 (Martin). Two-player zero-sum Borel games are determined.

For an inductive proof of Martin’s theorem, see [Mar85]. As any subgame
of a Borel game is again a Borel game, Martin’s theorem implies that two-
player zero-sum games are subgame perfect determined.

Lemma 3.6. If G is a Borel game, then G|h is a Borel game for every
history h of G.

Proof. For A ⊆ Σω and w ∈ Σ∗, let A|w := {π ∈ Σω : wπ ∈ A}. By
induction on α, we show that A|w ∈ Σ0

α (Π0
α) if A ∈ Σ0

α (Π0
α). First note

that if A ∈ Π0
α then Σω \ A ∈ Σ0

α and Σω \ A|w = (Σω \ A)|w. Thus the
claim for Π0α follows from the claim for Σ0

α.
If A ∈ Σ0

0, then A = W · Σω for some W ⊆ Σ∗. Without loss of
generality, we can assume that |v| ≥ |w| for all v ∈ W . Then we have
A|w = {π ∈ Σω : wπ ∈ A} = {v ∈ Σ∗ : wv ∈W} · Σω ∈ Σ0

0.
If A ∈ Σ0

α for α > 0, then A =
⋃

n<ω An for sets An ∈
⋃

β<α Π0
β. By the

induction hypothesis, we have An|w ∈
⋃

β<α Π0
β for all n < ω. Thus A|w =

{π ∈ Σω : wπ ∈
⋃

n<ω An} =
⋃

n<ω{π ∈ Σω : wπ ∈ An} =
⋃

n<ω An|w ∈ Σ0
α.

1See [Gur89] for a survey on determinacy results for Borel games.
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Now let G = (Π,Σ, T, λ, (Ai)i∈Π) be a Borel game and h ∈ T . Then
G|h = (Π,Σ, T, λ|h, (Ai|h)i∈Π). By what we have just shown, as Ai is Borel
for all i ∈ Π, so is Ai|h for all i ∈ Π. Hence G|h is a Borel game.

Corollary 3.7. Two-player zero-sum Borel games are subgame perfect de-
termined.

Proof. Let G be a two-player zero-sum Borel game. By Lemma 3.6 and
Theorem 3.5, G|h is determined for every history h of G. By Theorem 2.15,
this implies that G is subgame perfect determined.

3.4 Existence of Nash Equilibria

In general, Borel games are not Nash or subgame perfect determined (see
Example 2.6 for a finite game that is neither Nash nor subgame perfect
determined), but we will show that every Borel game has a Nash equilibrium.
The proof is based on [CJM04] and relies on an idea from repeated games
where a player is “punished” for deviating from the equilibrium play (see
for example [OR94, Chapter 8]).

Theorem 3.8. Every Borel game has a Nash equilibrium.

Proof. Let G = (Π,Σ, T, λ, (Ai)i∈Π) be a Borel game. For each player i ∈ Π
let Gi = ({i,Π \ {i}},Σ, T, λi, Ai,Σω \Ai) be the two-player zero-sum game
where player i plays against the coalition Π \ {i} in G, i.e. we have λi(h) = i
if λ(h) = i and λi(h) = Π \ {i} otherwise. As the complement of a Borel set
is again a Borel set, these games are Borel games. By Corollary 3.7, each
game Gi is subgame perfect determined. Fix a strategy σi of player i and
a strategy σΠ\{i} of the coalition such that (σi, σΠ\{i}) is a subgame perfect
equilibrium of Gi. For each player j ∈ Π \ {i}, the strategy σΠ\{i} induces a
strategy σj,i in G by restricting its domain to histories h with λ(h) = j.

In the equilibrium, every player j will use her strategy σj as long as no
player deviates. If one player i deviates after history h, then every player
j 6= i must switch to her counter-strategy σj,i to prevent a play won by
player i. Inductively, we define for each history h ∈ T the player p(h) who
has to be “punished” after history h where p(h) = ⊥ if nobody has to be
punished. In the beginning of the game, no player should be punished. Thus
we let

p(ε) = ⊥.

After history ha, the same player has to be punished as after history h as
long as player λ(h) does not deviate from her prescribed action. Thus for
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h ∈ T and a ∈ Σ with ha ∈ T we define

p(ha) =


⊥ if p(h) = ⊥ and a = σλ(h)(h),
p(h) if λ(h) 6= p(h), p(h) 6= ⊥ and a = σλ(h),p(h)(h),
λ(h) otherwise.

Now, for every player j ∈ Π we define her equilibrium strategy τj by

τj(h) =

{
σj(h) if p(h) = ⊥ or p(h) = j,
σj,p(h)(h) otherwise

for all histories h ∈ T .
We show that (τj)j∈Π is a Nash equilibrium of G. Consider any strat-

egy τ ′ of any player i ∈ Π, and let π = 〈(τj)j∈Π〉 = 〈(σj)j∈Π〉 and π′ =
〈τ ′, (τj)j∈Π\{i}〉. We have to show that π′ ∈ Ai implies π ∈ Ai. The claim is
trivial if π = π′. Hence assume π 6= π′ and let k < ω be minimal such that
π(k) 6= π′(k). Clearly, λ(π[0, k]) = i and p(π′[0, l]) = i for all k < l < ω.
Hence, by the definition of τj , every player j 6= i will apply her strategy σj,i

for any history with prefix π[0, k]π′(k). If π′ ∈ Ai, then σΠ\{i}|π[0,k]π′(k) is
not winning in Gi|π[0,k]π′(k). But this implies that σi|π[0,k]π′(k) is winning. As
λ(π[0, k]) = i, σi|π[0,k] must also be winning and hence π ∈ Ai.

The equilibrium constructed in the proof of Theorem 3.8 is in general
not a subgame perfect equilibrium. To see this, consider a subgame G|h
where h is a history that is not a prefix of the equilibrium play. Then every
player j 6= i has to punish some player i who has deviated by applying their
strategies σj,i. It may be the case that the resulting play is not won by some
player j although σj |h is winning in G|h. In this case, (τi|h)i∈Π is not a Nash
equilibrium of G|h because player j can use σj |h to win the game.

3.5 Existence of Subgame Perfect Equilibria

We will now refine the proof of Theorem 3.8 in order to show the existence of
subgame perfect equilibria in Borel games. As in the previous proof, if some
player has a winning strategy in a subgame, then she should play according
to such a strategy. Note that this leads to a new game where all moves
that are excluded by the respective winning strategies are eliminated. In
this pruned game, players may have a winning strategy in a subgame for
which they did not have a winning strategy before. Again, these players
should play according to one of their winning strategies, which leads to
more moves being eliminated. We do this again and again until we reach a
fixed point. We show that, if all players apply their winning strategies in the
resulting pruned game and react on deviation with their counter-strategies
in the pruned game, then this results in a subgame perfect equilibrium of
the original game.
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Definition 3.9. Let G = (Π,Σ, T, λ, (Ai)i∈Π) be a discrete game. We in-
terpret a set V ⊆ T × Σ such that for all h ∈ T there exists at least one
action a ∈ Σ with (h, a) ∈ V and ha ∈ T as the set of legal moves in G. For
every h ∈ T , V defines the game G|Vh = (Π,Σ, T |Vh , λ|Vh , (Ai|h)i∈Π) where
T |Vh ⊆ Σ∗ is defined inductively by

(1) ε ∈ T |Vh and

(2) wa ∈ T |Vh if w ∈ T |Vh , wa ∈ T |h and (hw, a) ∈ V

and λ|Vh is the restriction of λ|h to T |Vh , i.e. G|Vh is the subgame of G with
history h where all illegal moves have been eliminated. As every subgame
of a Borel game is a Borel game, each G|Vh is a Borel game if G is a Borel
game. We call a strategy σ of player i in G V -compliant if (h, σ(h)) ∈ V for
all h ∈ T with λ(h) = i. If σ is V -compliant, then let σ|Vh be the induced
strategy of player i in G|Vh , i.e. σ|Vh is σ|h restricted to T |Vh .

Theorem 3.10. Every Borel game has a subgame perfect equilibrium.

Proof. Let G = (Π,Σ, T, λ, (Ai)i∈Π) be a Borel game. Inductively, we define
the set V of legal moves in G. In the beginning, we allow any action, i.e.

V 0 = T × Σ.

If λ is a limit ordinal, we let

V λ =
⋂
α<λ

V α.

To define V α+1 for any ordinal α, for each player i ∈ Π we consider the
two-player zero-sum Borel game Gi as defined in the proof of Theorem 3.8.
By Corollary 3.7, for every history h ∈ T the game Gi|V

α

h , which contains
only the moves allowed by V α, has a subgame perfect equilibrium. As
a subgame perfect equilibrium induces a subgame perfect equilibrium for
every subgame, there exists a V α-compliant strategy σα

i of player i and a V α-
compliant strategy σα

Π\{i} of the coalition in Gi such that (σα
i |V

α

h , σα
Π\{i}|

V α

h )
is a subgame perfect equilibrium of Gi|V

α

h . For each player j ∈ Π \ {i},
the strategy σα

Π\{i} induces a strategy σα
j,i of player j in G by restricting its

domain to histories h with λ(h) = j. We define

V α+1 = {(h, a) ∈ V α : σα
λ(h)|

V α

h is not winning or a = σα
λ(h)(h)}.

The sequence (V α)α∈On is obviously non-increasing. Thus fix the least ordi-
nal ξ with V ξ = V ξ+1 and let V = V ξ. Moreover, for each player i ∈ Π let
σi = σξ

i . For all players j ∈ Π \ {i} let σj,i = σξ
j,i. Note that σi|Vh is winning

in Gi|Vh if σα
i |V

α

h is winning in Gi|V
α

h for some ordinal α because, by definition
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of V α+1, if σα
i |V

α

h is winning, then every play of Gi|V
α+1

h is consistent with
σα

i |V
α

h and therefore won by player i. As V ⊆ V α+1, this holds also for Gi|Vh .
As in the proof of Theorem 3.8, for each history h ∈ T we define the

player p(h) who has to be “punished” after history h by

p(ε) = ⊥

and

p(ha) =


⊥ if p(h) = ⊥ and a = σλ(h)(h),
p(h) if λ(h) 6= p(h), p(h) 6= ⊥ and a = σλ(h),p(h)(h),
λ(h) otherwise

for h ∈ T and a ∈ Σ with ha ∈ T . For every player j ∈ Π, her equilibrium
strategy τj is defined by

τj(h) =

{
σj(h) if p(h) = ⊥ or p(h) = j,
σj,p(h)(h) otherwise

for all histories h ∈ T .
We show that (τj |h)j∈Π is a Nash equilibrium of G|h for every history

h ∈ T . Let h ∈ T and π = 〈(τj |h)j∈Π〉. Furthermore, let τ ′ be any strategy
of some player i in G and π′ = 〈τ ′|h, (τj |h)j∈Π\{i}〉. We have to show that
hπ ∈ Ai or hπ′ 6∈ Ai. The claim is trivial if π = π′. Thus assume π 6= π′

and fix the least k < ω such that π(k) 6= π′(k). Then λ(h · π[0, k]) = i and
τ ′(h · π[0, k]) 6= τi(h · π[0, k]). Without loss of generality, let k = 0. We
distuingish the following two cases:

(1) σi|Vh is winning in Gi|Vh . By definition of the strategies τj , π is a
play of Gi|Vh . We show that π is consistent with σi|Vh . As σi|Vh is
winning, this implies that hπ ∈ Ai. Otherwise fix the least l < ω
such that λ(h · π[0, l]) = i and σi|Vh (π[0, l]) 6= π(l). As σi|Vh is winning,
so is σi|Vh |π[0,l] = σi|Vh·π[0,l]. But then (h · π[0, l], π(l)) ∈ V ξ \ V ξ+1, a
contradiction to V ξ = V ξ+1.

(2) σi|Vh is not winning in Gi|Vh . As (σi|Vh , σΠ\{i}|Vh ) is a subgame perfect
equilibrium of Gi|Vh , σΠ\{i}|Vh is winning. As τ ′(h) 6= τi(h), we have
p(h · π′[0, l]) = i for all 0 < l < ω and therefore π′ = 〈τ ′|h, (σj,i|h)j∈Π〉.
We show that π′ is a play of Gi|Vh . As σΠ\{i}|Vh is winning in Gi|Vh ,
this implies that hπ′ 6∈ Ai. Otherwise, let us fix the least l < ω
such that (h · π′[0, l], π′(l)) 6∈ V together with the ordinal α such that
(h · π′[0, l], π′(l)) ∈ V α \ V α+1. Clearly λ(h · π′[0, l]) = i. Hence,
σα

i |V
α

h·π′[0,l] is winning in Gi|V
α

h·π′[0,l]. But then σi|Vh·π′[0,l] = σi|Vh |π′[0,l] is
winning in Gi|Vh·π′[0,l]. As π′[0, l] is the prefix of a play of Gi|Vh consistent
with σΠ\{i}|Vh , this implies that σΠ\{i}|Vh is not winning in Gi|Vh , a
contradiction.
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As (τj |h)j∈Π is a Nash equilibrium of G|h for every history h ∈ T , (τj)j∈Π is
a subgame perfect equilibrium of G.

With this result, we conclude the game-theoretic analysis of infinite
games. In the next chapters, we will look at a more practical model of
infinite games and analyse the complexity of strategies realising an equilib-
rium as well as algorithmical issues in this model.
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Chapter 4

Graph Games

Graph games are games played on a directed graph as arena. In the two-
player variant, they turned out to be very fruitful for the verification and
synthesis of open systems, i.e. systems that interact with the environment.
McNaughton [McN65] was the first to apply the theory of two-player zero-
sum graph games to infinite input-output behaviour. Büchi and Landwe-
ber [BL69] proved the first fundamental result on solving these games (cf.
Corollary 5.19). See [ALW89] and [PR89, PR90] for applications to the
synthesis of software modules and controllers.

4.1 Graph Games

When modelling an open system as a game, the system is represented as a
directed graph where the vertices of the graph stand for the states of the
system and the edges for possible state transitions. The vertex set is parti-
tioned into vertices controlled by player 0 (system) and vertices controlled
by player 1 (environment). A play is started at some initial vertex. When-
ever the play reaches some vertex, the player who controls this vertex has
to choose a successor vertex as the next vertex of the play. In this fashion,
a possibly infinite play evolves. It is natural to generalise the model to an
arbitrary number of players and independent winning conditions.

Definition 4.1. A tuple G = (Π, V, (Vi)i∈Π, E, (Wi)i∈Π) is called a multi-
player graph game if

(1) Π is a non-empty, finite set of players,

(2) V is a non-empty set of vertices,

(3) (Vi)i∈Π is a partition of V ,

(4) E ⊆ V × V is a set of edges such that for every v ∈ V the set vE :=
{w ∈ V : (v, w) ∈ E} is non-empty, and
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(5) Wi ⊆ V ω for all i ∈ Π.

The directed, labelled graph (V, (Vi)i∈Π, E) is called the arena of G. For any
player i, the set Wi is called the winning condition for player i. G is called
finite if V is finite. G is called zero-sum if (Wi)i∈Π defines a partition of V ω.

A play of G is an infinite word π ∈ V ω such that (π(k), π(k + 1)) ∈ E
for all k < ω. Any finite prefix h of a play π of G is called a history of G.
A play π is won by player i if π ∈ Wi. The payoff of a play π is the vector
(xi)i∈Π ∈ {0, 1}Π defined by xi = 1 if π is won by player i.

Definition 4.2. For G = (Π, V, (Vi)i∈Π, E, (Wi)i∈Π) a multiplayer graph
game and v0 ∈ V a designated initial vertex, we call the pair (G, v0) an ini-
tialised multiplayer graph game. A play (history) of (G, v0) is a play π (non-
empty history h) of G such that π(0) = v0 (h(0) = v0). For an initialised mul-
tiplayer graph game (G, v0) and a history hv ∈ V ∗V of (G, v0), the initialised
multiplayer graph game (G|h, v) defined by G|h = (V, (Vi)i∈Π, E, (Wi|h)i∈Π)
with Wi|h = {π ∈ V ω : hπ ∈ Wi} is called the subgame of (G, v0) with
history hv.

Strategies and equilibria are defined for (initialised) multiplayer graph
games in analogy to the model of infinite games introduced in Chapter 2.

Definition 4.3. For G = (Π, V, (Vi)i∈Π, E, (Wi)i∈Π) a multiplayer graph
game, a strategy of player i in G is any function σ : V ∗Vi → V such that for
all w ∈ V ∗ and v ∈ Vi we have (v, σ(wv)) ∈ E. A play π of G is consistent
with σ if π(k + 1) = σ(π[0, k + 1]) for all k < ω with π(k) ∈ Vi. A strategy
profile of G is a tuple (σi)i∈Π where σi is a strategy of player i in G for all
players i ∈ Π.

For initialised multiplayer graph games, strategies and strategy profiles
are defined accordingly. If hv ∈ V ∗V is a history of G and σ is a strategy
of some player i in G, then σ|h defined by σ|h(w) = σ(hw) is a strategy of
player i in the subgame (G|h, v).

A strategy σ of some player i in an initialised multiplayer graph game
(G, v0) is winning if every play of (G, v0) consistent with σ is won by player
i. A strategy profile (σi)i∈Π of (G, v0) uniquely determines a play of (G, v0)
consistent with each σi, which we denote by 〈(σi)i∈Π〉v0 or 〈(σi)i∈Π〉 if v0
is clear from the context. This play is called the outcome of (σi)i∈Π. The
payoff of a strategy profile of an initialised multiplayer graph game is the
payoff of its outcome.

Definition 4.4. A strategy profile (σi)i∈Π of an initialised multiplayer graph
game (G, v0) where G = (Π, V, (Vi)i∈Π, E, (Wi)i∈Π) is called a Nash equilib-
rium if for all players i ∈ Π we have

〈σ′, (σj)j∈Π\{i}〉 ∈Wi ⇒ 〈(σj)j∈Π〉 ∈Wi
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for all strategies σ′ of player i in (G, v0). (σi)i∈Π is called a subgame perfect
equilibrium if (σi|h)i∈Π is a Nash equilibrium of (G|h, v) for every history
hv ∈ V ∗V of (G, v0).

Note that a strategy of player i is defined for any non-empty finite se-
quence of vertices ending in a vertex controlled by player i, not only for
histories. However, it clearly suffices to define a strategy only for histories.
We decided in favour of the former only for the purpose of simplifying no-
tation. In both cases, strategies are infinite objects. Luckily, in many cases
strategies with bounded memory suffice.

Definition 4.5. For G = (Π, V, (Vi)i∈Π, E, (Wi)i∈Π) a multiplayer graph
game and i ∈ Π, a strategy automaton for player i in G is a tuple A =
(Q, q0, δ, τ) where

(1) Q is a non-empty, finite set of states,

(2) q0 ∈ Q is the initial state,

(3) δ : Q× V → Q is the transition function, and

(4) τ : Q×Vi → V with τ(q, v) ∈ vE for all q ∈ Q and v ∈ Vi is the output
function.

The transition function δ is extended to a function δ∗ : V ∗ → Q defined
by δ∗(ε) = q0 and δ∗(wv) = δ(δ∗(w), v) for all wv ∈ V ∗V . A computes
the strategy σA of player i in G defined by σA(wv) = τ(δ∗(w), v) for all
wv ∈ V ∗Vi.

A strategy σ of player i in G is called a finite-state strategy if σ = σA for
a strategy automaton A of player i in G. σ is called positional if it depends
only on the last vertex, i.e. if σ(wv) = σ(v) for all wv ∈ V ∗Vi. A strategy
profile is called a finite-state strategy profile or positional if all contained
strategies are finite-state strategies or positional, respectively.

Obviously, any positional strategy can be computed by a strategy au-
tomaton with only one state.

ONMLHIJK1 ++ONMLHIJK0kk
++ONMLHIJK2kk

Figure 4.1: Arena of the game from Example 4.1.

Example 4.1. Let G = ({1, 2}, V, V1, V2, E,W1,W2) be the multiplayer graph
game given by the arena depicted in Figure 4.1 where V1 = V and V2 = ∅
and the winning conditions that player i visits vertex i, i.e. Wi = V ∗{i}V ω.
This game has two possible subgame perfect equilibrium payoffs for 0 as the
initial vertex:
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(1) Player 1 wins and player 2 loses, realised by player 1’s positional strat-
egy σ given by σ(0) = 1;

(2) Player 1 and player 2 win, realised for example by player 1’s finite-
state strategy σ given by σ(h0) = 2 if 1 occurs in h and σ(h0) = 1
otherwise.

Note that the second payoff is not realised by any positional strategy of
player 1.

In analogy to infinite games, we measure the complexity of a multiplayer
graph game in terms of the Borel hierarchy on V ω.

Definition 4.6. A multiplayer graph game G = (Π, V, (Vi)i∈Π, E, (Wi)i∈Π)
is called a multiplayer Borel game if for all i ∈ Π the set Wi is a Borel
subset of V ω. Multiplayer open, closed, clopen, Σ0

α-, Π0
α- and ∆0

α-games are
defined analogously.

A discrete infinite game G = (Π,Σ, T, λ, (Ai)i∈Π) as defined in Chapter
2 can be considered as a multiplayer graph game played with the game tree
of G as arena and with its root as designated initial vertex. To define the
winning condition of the graph game, we use the “last-letter extraction”
function f : (Σ∗)ω → Σω : w0w1w2 . . . 7→ a1a2 . . . where ai is the last letter
of wi or ai = a for some fixed a ∈ Σ if wi = ε. Then we define the associated
multiplayer graph game G̃ = (Π, V, (Vi)i∈Π, E, (Wi)i∈Π) by

(1) V = T ,

(2) Vi = {v ∈ V : λ(v) = i} for all i ∈ Π,

(3) E = {(v, w) ∈ V × V : w = va for some a ∈ Σ}, and

(4) Wi = {π ∈ (Σ∗)ω : f(π) ∈ Ai} for all i ∈ Π.

The designated initial vertex is ε. It is easy to see that f is continuous with
f : Wi ≤ Ai for all players i ∈ Π. Hence G̃ is a Σ0

α-game (Π0
α-game) if G is

a Σ0
α-game (Π0

α-game).
On the other hand, let G = (Π, V, (Vi)i∈Π, E, (Wi)i∈Π) be a multiplayer

graph game with designated initial vertex v0. In the corresponding infinite
game, executing an action v corresponds to moving to vertex v in the graph
game. The game tree is just the unravelling of the arena of G from v0.
To define the winning condition of the infinite game, we use the function
g : V ω → V ω : π 7→ v0π. Formally, we define the associated discrete infinite
game G̃ = (Π, V, T, λ, (Ai)i∈Π) by

(1) T = {h ∈ V ∗ : v0h is a history of (G, v0)},

(2) λ(h) = i if either h = ε and v0 ∈ Vi or h = h′v for some v ∈ Vi,
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(3) Ai = {π ∈ V ω : g(π) ∈Wi} for all i ∈ Π.

Clearly, g is continuous with g : Ai ≤ Wi for all i ∈ Π. Hence, G̃ is a
Σ0

α-game (Π0
α-game) if G is a Σ0

α-game (Π0
α-game).
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Figure 4.2: Translation of the graph game from Example 4.1

Example 4.2. Consider the initialised multiplayer graph game defined in
Example 4.1. The game tree of the corresponding infinite game is depicted
in Figure 4.2. The Σ0

1 winning conditions V ∗ · {i} · V ω remain the same.
It should be fairly clear that we can define a strategy in the multiplayer

graph game from a strategy in the corresponding infinite game and vice
versa such that Nash equilibria (subgame perfect equilibria) are mapped
to Nash equilibria (subgame perfect equilibria). Thus the existence of an
equilibrium in a certain multiplayer graph game follows from the existence
of an equilibrium in the corresponding infinite game. In particular, we have
the following theorem as a variant of Theorem 3.10.

Theorem 4.7. Every initialised multiplayer Borel game has a subgame per-
fect equilibrium.

Hence, from a game-theoretic point of view, discrete infinite games and
multiplayer graph games are essentially the same. Thus, from now on, we
will simply speak of a game when we mean a multiplayer graph game. Of-
ten we will also implicitly assume that the game under consideration is ini-
tialised. The advantage of graph games is that they are much more flexible
in applications. Typical winning conditions in these games can be formalised
as a constraint on the set of vertices visited or visited infinitely often.

4.2 Winning Conditions

We consider games where the winning condition is given by an acceptance
condition on infinite words over a finite, non-empty set C of colours and



30 4 Graph Games

a colouring χ : V → C of the (possibly infinite arena) as considered by
Zielonka [Zie98]. χ is extended to a function χ : V ω → Cω in the natural
way, i.e. χ(v0v1 . . .) = χ(v0)χ(v1) . . . for all v0v1 . . . ∈ V ω. All presented
acceptance conditions will be finitely represented. If the arena of the game
and the colouring are also finitely represented, we can use the games as an
input for an algorithm. For finite games, one may take V as the set of colours
and the identity mapping as colouring. In this chapter, we will discuss the
following acceptance conditions.

(1) Reachability : Given a set F ⊆ C, a word α ∈ Cω is accepted if and
only if Occ(α) ∩ F 6= ∅.

(2) Safety : Given a set F ⊆ C, a word α ∈ Cω is accepted if and only if
Occ(α) ⊆ F .

(3) Büchi : Given a set F ⊆ C, a word α ∈ Cω is accepted if and only if
Inf(α) ∩ F 6= ∅.

(4) Co-Büchi : Given a set F ⊆ C, a word α ∈ Cω is accepted if and only
if Inf(α) ⊆ F .

(5) Parity : Given a priority function Ω : C → ω, a word α ∈ Cω is
accepted if and only if min(Ω(Inf(α))) is even.

Clearly, a safety condition is the negation of a reachability condition, a co-
Büchi condition is the negation of a Büchi condition, a Büchi or co-Büchi
condition is also a parity condition (for a Büchi condition define Ω(c) = 0
if c ∈ F and Ω(c) = 1 if c 6∈ F ), and the negation of a parity condition is
again a parity condition (add 1 to the priority of each colour). The Büchi
condition has been introduced by Büchi [Büc62] and the parity condition
independently by Emerson and Jutla [EJ91] and Mostowski [Mos84].

We establish the topological complexity of the presented acceptance con-
ditions on Cω. For a reachability condition given by F ⊆ C, the set of
accepted words is

(C∗ · F ) · Cω ∈ Σ0
1.

For a Büchi condition given by F ⊆ C, the set of accepted words is

(C∗ · F )ω =
⋂
n<ω

(
(C∗ · F )n · Cω

)
∈ Π0

2.

As a safety or co-Büchi condition can be written as the negation of a reach-
ability or Büchi condition, respectively, safety and co-Büchi acceptance con-
ditions lie in the classes Π0

1 and Σ0
2, respectively. Finally, let Ω : C → ω

be a priority function. A word α ∈ Cω is accepted by the associated parity
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condition if there is an even priority occurring infinitely often in α but no
smaller one. Hence, the set of accepted words is⋃

k∈Ω(C)
k even

[(
C∗ · Ω−1(k)

)ω \
⋃

l∈Ω(C)
l<k

(
C∗ · Ω−1(l)

)ω
]
,

a Boolean combination of Σ0
2-sets and therefore contained in ∆0

3.

Definition 4.8. Let G = (Π, V, (Vi)i∈Π, E, (Wi)i∈Π) be a game. G is called
a multiplayer reachability, safety, (co-)Büchi, or parity game if there exists
a colouring χ : V → C into a finite, non-empty set C and a reachability,
safety, (co-)Büchi, or parity condition Ai ⊆ Cω, respectively, such that
Wi = {π ∈ V ω : χ(π) ∈ Ai}.

We write G = (Π, V, (Vi)i∈Π, E, χ, (Fi)i∈Π) where Fi ⊆ C for multi-
player reachability, safety, Büchi and co-Büchi games. For multiplayer parity
games, we write G = (Π, V, (Vi)i∈Π, E, χ, (Ωi)i∈Π) where Ωi : C → ω.

Note that any zero-sum reachability game is also a safety game and vice
versa, and that any zero-sum Büchi game is also a co-Büchi game and vice
versa. Thus our notation differs from the standard notation for two-player
zero-sum graph games, where a game is called a reachability (Büchi) game if
the winning condition of player 0 is given by a reachability (Büchi) condition
(which does not imply that the winning condition of player 1 can be given
by a reachability (Büchi) condition).

For two-player zero-sum parity games, one can choose C ⊂ ω and Ω0 as
the identity function on C, i.e. one can identify colours with priorities. In
this case, we can further assume that Ω1(k) = k + 1 for all k ∈ C. This
gives parity games as considered in the literature [EJ91]. We have decided to
uncouple colours and priorities, as we want to allow an independent winning
condition for each player.

As for χ : V → C the induced function χ : V ω → Cω on words is con-
tinuous with χ : Wi ≤ Ai for χ, Wi and Ai as in Definition 4.8, the topolog-
ical complexity of the presented games can be inferred from the topological
complexity of the used acceptance condition, i.e. reachability games are
Σ0

1-games, safety games are Π0
1-games, Büchi games are Π0

2-games, co-Büchi
games are Σ0

2-games, and parity games are ∆0
3-games.

4.3 Game Reductions

We present the notion of a game reduction introduced by Thomas [Tho95].
We use it as a tool to transfer equilibria from one game to another.

Definition 4.9. For two games G = (Π, V, (Vi), E, (Wi)i∈Π) and G′ =
(Π, V ′, (V ′

i ), E′, (W ′
i )i∈Π) with initial vertices v0 and v′0, respectively, we

write (G, v0) ≤ (G′, v′0) if there exists a non-empty set S, s0 ∈ S and a
function f : S × V → S such that
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(1) V ′ = V × S,

(2) V ′
i = Vi × S for all i ∈ Π,

(3) v′0 = (v0, s0),

(4) E′ = {((v, s), (w, t)) ∈ V ′ × V ′ : (v, w) ∈ E and t = f(s, v)}, and

(5) π ∈Wi ⇔ π′ ∈W ′
i for all plays π of (G, v0).

Here, for a play π of (G, v0), π′ denotes the unique play of (G′, v′0) where the
elementwise projection on the first component is precisely π. In the case
that (G, v0) ≤ (G′, v′0) we say that (G, v0) reduces to (G′, v′0). If the set S in
the definition of (G, v0) ≤ (G′, v′0) is finite, we write (G, v0) ≤fin (G′, v′0) and
say that (G, v0) finitely reduces to (G′, v′0).

We remark that the resulting relations ≤ and ≤fin are reflexive (by iden-
tifying V with V × {0}) and transitive. The following two lemmata show
that game reductions are meaningful because they preserve equilibria.

Lemma 4.10. If (G, v0) ≤ (G′, v′0) for two games (G, v0) and (G′, v′0), then
(G, v0) has a Nash (subgame perfect) equilibrium with payoff x if and only if
(G′, v′0) has a Nash (subgame perfect) equilibrium with payoff x.

Proof. Let (G, v0) ≤ (G′, v′0) where G = (Π, V, (Vi)i∈Π, E, (Wi)i∈Π) and G′ =
(Π, V ′, (V ′

i )i∈Π, E
′, (W ′

i )i∈Π) and fix S, s0 and f as in Definition 4.9. We
extend f to a function f∗ : V ∗ → S by defining f∗(ε) = s0 and f∗(wv) =
f(f∗(w), v) for all wv ∈ V ∗V .

(⇒) Assume (σi)i∈Π is a Nash (subgame perfect) equilibrium of (G, v0).
For each player i ∈ Π, define a strategy σ′i of player i in (G′, v′0) by

σ′i((v1, s1) . . . (vk, sk)) = (σi(v1 . . . vk), f(sk, vk))

for all (v1, s1) . . . (vk, sk) ∈ V ′∗V ′
i . Then, by condition (5) in Definition 4.9,

〈(σi)i∈Π〉 and 〈(σ′i)i∈Π〉 have the same payoff. It is straightforward to show
that (σ′i)i∈Π is a Nash (subgame perfect) equilibrium of (G′, v′0).

(⇐) Assume (σ′i)i∈Π is a Nash (subgame perfect) equilibrium of (G′, v′0).
For each player i ∈ Π, we define a strategy σi of player i in (G, v0) by

(σi(v1 . . . vk), f∗(v1 . . . vk)) = σ′i((v1, f
∗(ε)) . . . (vk, f

∗(v1 . . . vk−1)))

for all v1 . . . vk ∈ V ∗Vi. Then, by condition (5) in Definition 4.9, 〈(σ′i)i∈Π〉
and 〈(σi)i∈Π〉 have the same payoff. It is straightforward to show that (σi)i∈Π

is a Nash (subgame perfect) equilibrium of (G, v0).

Lemma 4.11. If (G, v0) ≤fin (G′, v′0) for two games (G, v0) and (G′, v′0), then
(G, v0) has a finite-state Nash (subgame perfect) equilibrium with payoff x
if and only if (G′, v′0) has a finite-state Nash (subgame perfect) equilibrium
with payoff x.
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Proof. Let (G, v0) ≤fin (G′, v′0) where G = (Π, V, (Vi)i∈Π, E, (Wi)i∈Π) and
G′ = (Π, V ′, (V ′

i )i∈Π, E
′, (W ′

i )i∈Π) and fix S, s0 and f as in Definition 4.9.
(⇒) Let (σi)i∈Π be a finite-state Nash (subgame perfect) equilibrium

of (G, v0). We show that the Nash (subgame perfect) equilibrium (σ′i)i∈Π

of (G′, v′0) as defined in the proof of Lemma 4.10 is a finite-state strategy
profile. Let i ∈ Π and fix a strategy automaton A = (Q, q0, δ, τ) of player
i in G with σA = σi. We define a strategy automaton A′ = (Q, q0, δ′, τ ′) of
player i in G′ by

δ′(q, (v, s)) = δ(q, v),
τ ′(q, (v, s)) = (τ(q, v), f(s, v))

for all q ∈ Q, v ∈ V and s ∈ S. It is straightforward to verify that σA′ = σ′i.
(⇐) Let (σ′i)i∈Π be a finite-state Nash (subgame perfect) equilibrium of

(G′, v′0). We show that the Nash (subgame perfect) equilibrium (σi)i∈Π of
(G, v0) as defined in the proof of Lemma 4.10 is a finite-state strategy profile.
Let i ∈ Π and fix a strategy automaton A′ = (Q, q0, δ′, τ ′) of player i in G′
with σA′ = σ′i. We define a strategy automaton A = (Q× S, (q0, s0), δ, τ) of
player i in G by

δ((q, s), v) = (δ′(q, (v, s)), f(s, v)),
τ((q, s), v) = w if τ ′(q, (v, s)) = (w, t) for some t ∈ S

for all q ∈ Q, s ∈ S and v ∈ V . It is straightforward to verify that indeed
σA = σi.

Our first example of a game reduction is a reduction of multiplayer reach-
ability and safety games to multiplayer (co-)Büchi games. As multiplayer
(co-)Büchi games are a special case of multiplayer parity games, this allows
us to concentrate on parity games in our further analysis.

Claim 4.12. For every multiplayer reachability or safety game (G, v0), there
exists a multiplayer (co-)Büchi game (G′, v′0) with (G, v0) ≤fin (G′, v′0).

Proof. Let G = (Π, V, (Vi)i∈Π, E, χ, (Fi)i∈Π) be a multiplayer reachability
game. The multiplayer Büchi game G′ = (Π, V ′, (V ′

i )i∈Π, E
′, χ′, (F ′

i )i∈Π) has
vertex set

V ′ = V × {0, 1}Π

where (v, x) ∈ V ′
i ⇔ v ∈ Vi. The colouring function χ′ : V ′ → {0, 1}Π

maps a vertex (v, x) to x. (xi)i∈Π ∈ {0, 1}Π is contained in F ′
i if and only if

xi = 1. It remains to specify E′. A pair ((v, (xi)i∈Π), (w, (yi)i∈Π)) is in E′ if
and only if (v, w) ∈ E and

yi = 1 ⇔ (xi = 1 or χ(v) ∈ Fi)

for all i ∈ Π. The initial vertex of G′ is v′0 = (v0, (0)i∈Π). It is straightforward
to verify that (G, v0) ≤fin (G′, v′0). Moreover, this also holds if we define G′
as a co-Büchi game. The construction for safety games is analogous.
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4.4 Parity Games

We have seen that any of the presented winning conditions is or can be
reduced to a parity condition. In Chapter 5, we will show that this holds
for a much larger class of winning conditions. Hence, parity games are of
central interest in this thesis. In the theory of two-player zero-sum games,
there is a second reason for the importance of parity games. They enjoy
positional determinacy, i.e. either one of the two players not only has a
winning strategy (as it is already guaranteed by Martin’s theorem), but
even a positional one. The result was obtained independently by Emerson
and Jutla [EJ91] and Mostowski [Mos91]. Games with generalisations of the
parity condition as winning condition lack this nice property in general.

Theorem 4.13 (Emerson, Jutla; Mostowski). Two-player zero-sum
parity games are positionally determined, i.e. in any initialised two-player
zero-sum parity game either one of the two players has a positional winning
strategy.

An important consequence of Theorem 4.13 is that the problem of decid-
ing whether player 0 has a winning strategy in an initialised finite two-player
zero-sum parity game lies in the complexity class NP ∩ co-NP.

Corollary 4.14. The decision problem, given an initialised finite two-player
zero-sum parity game, decide whether player 0 has a winning strategy, is in
NP ∩ co-NP.

Proof. We show that the problem is in NP. As player 0 does not have a
winning strategy in a two-player zero-sum parity game (G, v0) if and only if
player 1 has a winning strategy in (G, v0), its membership in co-NP follows
immediately. By Theorem 4.13, it suffices to show that, given a positional
strategy σ of player 0 in (G, v0), we can decide in polynomial time whether
σ is winning.

Let G = ({0, 1}, V, V0, V1, E, χ,Ω0,Ω1) be a finite two-player zero-sum
parity game with initial vertex v0 and σ a positional strategy of player 0.
We consider the solitaire game Gσ = ({0, 1}, V, V0, V1, Eσ, χ,Ω0,Ω1) where
Eσ is the set of edges (v, w) ∈ E such that either v ∈ V1 or σ(v) = w, i.e.
we fix the edges taken by σ. Then σ is a winning strategy if and only if
in (V,Eσ) there is no vertex v reachable from v0 such that Ω0(χ(v)) is odd
and there is a path from v to v containing only vertices w with priority
Ω0(χ(w)) ≥ Ω0(χ(v)). This can easily be checked by depth-first search in
time O(d|E|) where d is the number of different priorities.

Jurdziński [Jur98] proved the stronger result that the decision problem
is in UP ∩ co-UP, where UP is the class of languages recognised by a non-
deterministic Turing machine with at most one accepting computation on
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every input. Thus, the problem is “not too far away from P”. It is indeed a
long-standing open problem whether the problem is in P.

By Lemma 2.14, Theorem 4.13 is equivalent to the existence of a posi-
tional Nash equilibrium in any initialised two-player zero-sum parity game
(choose any positional strategy of the player who has no winning strategy
as her equilibrium strategy). We can even show more: Any two-player zero-
sum parity game has a uniform positional Nash equilibrium, i.e. a positional
strategy profile that is a Nash equilibrium for every initial vertex we choose.
Note that this is equivalent to the existence of a uniform positional subgame
perfect equilibrium because, if G is a parity game and σ a positional strat-
egy in G, then we have G|h = G and σ|h = σ for each history h. We give
two proofs of the theorem. The first one is an application of Theorem 4.13
whereas the second one is a direct proof following Grädel [Grä04].

Theorem 4.15. For any two-player zero-sum parity game G, there exists a
positional strategy profile that is a Nash equilibrium of the initialised game
(G, v) for every vertex v.

The following lemma allows the composition of positional winning strate-
gies and will be needed in both proofs of Theorem 4.15.

Lemma 4.16. Let G = (Π, V, (Vi)i∈Π, E, χ, (Ωi)i∈Π) be a multiplayer parity
game, i ∈ Π and X ⊆ V . If, for all v ∈ X, player i has a positional winning
strategy in the initialised game (G, v), then she also has a positional strategy
in G that is winning in (G, v) for all v ∈ X.

Proof. We choose a well-ordering on X and index X by all ordinals below
κ := |X|, i.e. X = {vα : α < κ}. For each α < κ, we choose a winning
strategy σα of player i in (G, vα). Moreover, let Fα ⊆ X be the set of
vertices ooccurring in at least one play of (G, vα) consistent with σα. We
define a new positional strategy σ of player i in G by

σ(v) =

{
σα(v) for the least α such that v ∈ Fα if v ∈ X,
σ0(v) otherwise.

σ is well-defined because v ∈ X implies v = vα ∈ Fα for some ordinal α < κ.
σ is a winning strategy in (G, vα) for all α < κ because, if ρ is a play of (G, vα)
consistent with σ, then there exist β < κ and k < ω such that ρ(k) ∈ Fβ

and ρ[k, ω] is consistent with σβ. As σβ is winning from every initial vertex
v ∈ Fβ, this implies that ρ is won by player i.

Proof of Theorem 4.15. Let G = ({0, 1}, V, V0, V1, E, χ,Ω0,Ω1) be a two-
player zero-sum parity game and for i ∈ {0, 1} let

Wi = {v ∈ V : player i has a positional winning strategy in (G, v)}.
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By Theorem 4.13, we have W0 ∪W1 = V . By Lemma 4.16, there exists a
positional strategy σ of player 0 and a positional strategy τ of player 1 in G
such that σ and τ are winning strategies for every initial vertex v ∈W0 and
v ∈W1, respectively. By Lemma 2.14, (σ, τ) is a Nash equilibrium of (G, v)
for all v ∈W0 ∪W1 = V .

Definition 4.17. For a game G = (Π, V, (Vi)i∈Π, E, χ, (Wi)i∈Π), a player
i ∈ Π and X ⊆ V , let Attri(X) be the set of vertices from which player i
can force a visit of X, i.e. Attri(X) =

⋃
α∈On Z

α with

Z0 = X,

Zλ =
⋃
α<λ

Zα if λ is a limit ordinal, and

Zα+1 = Zα ∪ {v ∈ Vi : vE ∩ Zα 6= ∅} ∪ {v ∈ V \ Vi : vE ⊆ Zα}.

It is easy to see that player i has a positional strategy σ in G such that
Occ(ρ) ∩X 6= ∅ for all plays ρ of G starting in a vertex of Attri(X) (if the
rank of a vertex v ∈ Attri(X) is the least ordinal α such that v ∈ Zα, then
move from a vertex v with rank α to a vertex w ∈ vE with rank β < α).
We call any such strategy σ a positional attractor strategy.

Direct proof of Theorem 4.15. The proof is carried out by induction on the
number c = |χ(V )| of used colours. If c = 1, then either one of the two
players wins every play of G (depending on the priority of the single used
colour). Thus every pair of positional strategies of player 0 and player 1,
respectively, is a uniform Nash equilibrium of G.

Now assume c > 1 and let m = min(Ω0(χ(V ))). Without loss of gener-
ality, let m be even (otherwise we can switch players). Let

X = {v ∈ V : player 1 has a positional winning strategy in (G, v)}.

By Lemma 4.16, we can fix a positional strategy τ of player 1 that is winning
in (G, v) for all v ∈ X. We construct a positional strategy σ of player 0 that
is winning in (G, v) for all v ∈ V \ X. First observe that, if v ∈ V0 \ X,
then vE \X 6= ∅. Thus we can fix a positional strategy σX of player 0 with
σX(v) ∈ V \X for all v ∈ V0 \X. Now let

Y = χ−1(Ω−1(m)), Z = Attr0(Y )

and fix a corresponding positional attractor strategy σY of player 0. Let
V ′ := V \ (X ∪ Z). If V ′ 6= ∅, then we can restrict the arena of G to V ′ and
obtain a two-player zero-sum parity game G′ with less than c used colours
(if there exists a vertex v ∈ V ′ with vE ⊆ X ∪ Z, then also v ∈ X ∪ Z and
therefore v 6∈ V ′). By the induction hypothesis, G′ has a uniform positional
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Nash equilibrium (σ′, τ ′). Observe that σ′ is winning in (G′, v) for all v ∈ V ′

because, if τ ′ is winning in (G′, v) for some v ∈ V ′, then τ ′′ defined by

τ ′′(v) =

{
τ(v) if v ∈ V ′,
τ ′(v) otherwise

is winning in (G, v) and therefore v ∈ X (otherwise there would exist a
vertex w ∈ V ′ ∩V0 with wE ∩Z 6= ∅, but then w ∈ Z by definition of Z). If
V ′ = ∅, then let σ′ be an arbitrary positional strategy of player 0 in G. We
define σ by

σ(v) =


σ′(v) if v ∈ V ′,
σY (v) if v ∈ Z \ Y ,
σX(v) otherwise.

It remains to show that σ is winning in (G, v) for all v ∈ V \X. Let ρ be a
play of (G, v) consistent with σ where v ∈ V \X. Clearly, ρ(k) ∈ V \X for
all k < ω. We consider the following two cases.

(1) ρ(k) ∈ Z only for finitely many k < ω. Then there exits l < ω such
that ρ(k) ∈ V ′ for all l ≤ k < ω. Thus, ρ[l, ω] is a play of G′ consistent
with σ′ and therefore won by player 0.

(2) ρ(k) ∈ Z for infinitely many k < ω. By definition of the attractor
strategy σY , also ρ(k) ∈ Y for infinitely many k < ω and therefore
min(Ω0(χ(ρ))) = m, which is even. Hence ρ is won by player 0.

As σ is winning in (G, v) for all v ∈ X and τ is winning in (G, v) for all
v ∈ V \X, (σ, τ) is a Nash equilibrium of (G, v) for all v ∈ V .

There are numerous sophisticated deterministic algorithms for comput-
ing a uniform positional Nash equilibrium of a two-player zero-sum parity
game (see [GTW02, Chapters 7–8]). The currently best known one is due to
Jurdziński [Jur00]. It needs time O(dm

(
n

bd/2c
)bd/2c) and space O(dn log n)

for a parity game with n vertices, m edges and d ≥ 2 different priorities (for
player 0).

Theorem 4.18 (Jurdziński). Computing a uniform positional Nash equilib-
rium of a two-player zero-sum parity game with at most n vertices, m edges
and d ≥ 2 different priorities can be done in time O

(
dm

(
n

bd/2c
)bd/2c).

Note that Jurdziński’s algorithm can also be used to determine the win-
ner of an initialised parity game because, given a positional strategy of player
0, we can decide in linear time if it is a winning strategy (see the proof of
Corollary 4.14).
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We will now turn to multiplayer parity games. By Theorem 4.7, these
games are guaranteed to have a subgame perfect equilibrium. Thus our
next step is to analyse the complexity such an equilibrium may have. We
show that parity games with two players allow a positional subgame perfect
equilibrium and that finite parity games with an arbitrary number of players
allow a finite-state subgame perfect equilibrium. This raises two questions,
namely whether we can guarantee a positional subgame perfect equilibrium
also in the case of more than two players, and if this is not true for games
with an infinite arena, whether we can guarantee the existence of a finite-
state subgame perfect equilibrium in parity games with an infinite arena.
We leave these questions as open problems.

To prove our results on multiplayer parity games, we use the same idea
as in the proof of Theorem 3.10. We start with the complete arena and check
which players have a winning strategy from which initial vertex. By Theorem
4.15, for each player we can choose a uniform positional strategy that is
winning from each vertex from which this player has a winning strategy.
Then, for any vertex from which the player who controls this vertex has a
winning strategy, we delete all those outgoing edges that are not taken by
the chosen strategy. This yields a new arena for the game, and we iterate
this construction until we reach a fixed point. In the resulting game, we
choose an optimal positional counter-strategy for each player. As it turns
out, this gives a subgame perfect equilibrium of the original game.

Theorem 4.19. Any initialised two-player parity game has a positional
subgame perfect equilibrium.

Proof. Let G = ({0, 1}, V, V0, V1, E, χ,Ω0,Ω1) be a two-player parity game.
We define a set Eα ⊆ E for each ordinal α beginning with

E0 = E.

If λ is a limit ordinal, let

Eλ =
⋂
α<λ

Eα.

To define Eα+1 from Eα, we consider the two-player zero-sum parity game
Gα

0 = ({0, 1}, V, V0, V1, Eα, χ,Ω0,Ω0) and the two-player zero-sum parity
game Gα

1 = ({0, 1}, V, V0, V1, Eα, χ,Ω1,Ω1) defined by Ωi = Ωi + 1, i.e. Gα
i is

the parity game played on the arena of G with the set of edged restricted to
Eα and with the winning condition for player 1− i changed to the comple-
ment of the winning condition for player i. By Theorem 4.15, we can fix a
uniform positional Nash equilibrium (σα

0 , τ
α
1 ) of Gα

0 and a uniform positional
Nash equilibrium (τα

0 , σ
α
1 ) of Gα

1 . Let Wα
i be the set of all v ∈ V such that

σα
i is winning in (Gα

i , v). Then we define

Eα+1 =
⋂
i∈Π

{(v, w) ∈ Eα : v 6∈ Vi ∩Wα
i or w = σα

i (v)}.
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The sequence (Eα)α∈On is obviously non-increasing. Thus fix the least or-
dinal ξ with Eξ = Eξ+1 and define τ0 = τ ξ

0 and τ1 = τ ξ
1 .

We show that (τ0, τ1) is a Nash equilibrium of (G, v) for all v ∈ V . As
G|h = G, τ0|h = τ0 and τ1|h = τ1 for all histories h of G, this implies that
(τ0, τ1) is a positional subgame perfect equilibrium of (G, v0) for any initial
vertex v0. Let v ∈ V and π = 〈τ0, τ1〉v. Furthermore, let τ ′ be any other
strategy of player 1 in (G, v) and π′ = 〈τ0, τ ′〉v. We have to show that π
is won by player 1 or that π′ is not won by player 1. We distinguish the
following two cases:

(1) σξ
1 is winning in (Gξ

1 , v). By definition of the strategies τ0 and τ1, π is
a play of (Gξ

1 , v). We show that π is consistent with σξ
1 which implies

that π is won by player 1. Otherwise fix the least l < ω such that
π(l) ∈ V1 and σξ

1(π(l)) 6= π(l + 1). As σξ
1 is winning in (Gξ

1 , v), σξ
1 is

also winning in (Gξ
1 , π(l)). But then (π(l), π(l + 1)) ∈ Eξ \ Eξ+1, a

contradiction to Eξ = Eξ+1.

(2) σξ
1 is not winning in (Gξ

1 , v). Then τ0 is winning in (Gξ
1 , v). We show

that π′ is a play of (Gξ
1 , v) which implies that π′ is not won by player

1. Otherwise fix the least l < ω such that (π′(l), π′(l + 1)) 6∈ Eξ

together with the ordinal α such that (π′(l), π′(l + 1)) ∈ Eα \ Eα+1.
Clearly π′(l) ∈ V1. Hence, σα

1 is winning in (Gα
1 , π

′(l)). But then σξ
1 is

also winning in (Gξ
1 , π

′(l)). As π′[0, l] is the prefix of a play of (Gξ
1 , v)

consistent with τ0, this implies that τ0 is not winning in (Gξ
1 , v), a

contradiction.

The reasoning for player 0 is analogous.

We use the same construction as in the last proof to show that finite par-
ity games with arbitrarily many players have a finite-state subgame perfect
equilibrium. As demonstrated in the proof of Theorem 3.10, upon devia-
tion of some player all other players have to switch to an optimal counter
strategy against this player. In the case of a finite arena, this behaviour can
easily be implemented by a strategy automaton.

Theorem 4.20. Any initialised finite multiplayer parity game has a finite-
state subgame perfect equilibrium.

Proof. Let G = (Π, V, (Vi)i∈Π, E, χ, (Ωi)i∈Π) be a finite multiplayer parity
game with initial vertex v0. We define En ⊆ E for each n < ω beginning
with

E0 = E.

To define En+1 from En, for each player i ∈ Π, we consider the two-player
zero-sum parity game Gn

i = ({i,Π \ {i}}, V, Vi, VΠ\{i}, E
n, χ,Ωi,ΩΠ\{i}) de-

fined by VΠ\{i} = V \ Vi and ΩΠ\{i} = Ωi + 1, i.e. in Gn
i player i plays the
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parity game G against the coalition Π \ {i} with the set of edges restricted
to En. By Theorem 4.15, each of the games Gn

i has a uniform positional
Nash equilibrium (σn

i , σ
n
Π\{i}). Let Wn

i be the set of all v ∈ V such that σn
i

is winning in (Gn
i , v). We delete all edges from En that are not taken by a

winning strategy σn
i , i.e. we define

En+1 =
⋂
i∈Π

{(v, w) ∈ En : v 6∈ Vi ∩Wn
i or w = σn

i (v)}.

The sequence (En)n<ω is obviously non-increasing. As E is finite, this im-
plies that the sequence has a fixed point m < ω, i.e. we have Em = Em+1.
For each player i ∈ Π, let σi = σi,i = σm

i and σΠ\{i} = σm
Π\{i}. For all players

j ∈ Π \ {i}, let σj,i be the positional strategy of player j in G defined by
σj,i(v) = σm

Π\{i}(v) for all v ∈ Vj . Note that σi is winning in (Gm
i , v) if σn

i

is winning in (Gn
i , v) for some n < ω because, by definition of En+1, if σn

i

is winning in (Gn
i , v), then every play of (Gn+1

i , v) is consistent with σn
i and

therefore won by player i. As Em ⊆ En+1, this is also true for (Gm
i , v).

Now, for each player j ∈ Π, we implement a punishment strategy τj by
a strategy automaton Aj for player j in G. Aj = (Q, q0, δ, τ) is defined by

(1) Q = Π× V × (Π ∪̇ {⊥}),

(2) q0 = (j, v0,⊥),

(3) δ((i, u, p), v) =


(i∗, σi∗(v),⊥) if p = ⊥ and u = v,
(i∗, σi∗,p(v), p) if p 6= ⊥ and u = v,
(i∗, σi∗,i(v), i) otherwise,

(4) τ((i, u, p), v) =


σj(v) if p = ⊥ and u = v,
σj,p(v) if p 6= ⊥ and u = v,
σj,i(v) otherwise.

In the definition of δ((i, c, p), v), i∗ stands for the player with v ∈ Vi∗ . The
meaning of a state (i, u, p) is that at the last vertex it was player i’s turn,
the expected next vertex is u, and the player to be punished is p (where
p = ⊥ if no player has to be punished). A new player is punished if the
vertex she chose is different from the vertex she should have chosen with her
prescribed strategy.

We show that (τj |h)j∈Π is a Nash equilibrium of (G|h, v) = (G, v) for
every history hv ∈ V ∗V of (G, v0). Let hv be a history of (G, v0) and
π = 〈(τj |h)j∈Π〉v. Furthermore, let τ ′ be any strategy of some player i in G
and π′ = 〈τ ′|h, (τj |h)j∈Π\{i}〉v. We have to show that hπ is won by player
i or that hπ′ is not won by player i. The claim is trivial if π = π′. Thus,
assume π 6= π′ and fix the least k < ω such that π(k+ 1) 6= π′(k+ 1). Then
π(k) ∈ Vi and τ ′(h·π[0, k+1]) 6= τi(h·π[0, k+1]). Without loss of generality,
let k = 0. We distuingish the following two cases:
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(1) σi is winning in (Gm
i , v). By definition of the strategies τj , π is a play

of (Gm
i , v). We show that π is consistent with σi which implies that hπ

is won by player i. Otherwise fix the least l < ω such that π(l) ∈ Vi

and σi(π(l)) 6= π(l+ 1). As σi is winning in (Gm
i , v), σi is also winning

in (Gm
i , π(l)). But then (π(l), π(l + 1)) ∈ Em \ Em+1, a contradiction

to Em = Em+1.

(2) σi is not winning in (Gm
i , v). Then σΠ\{i} is winning in (Gm

i , v). As
τ ′(hv) 6= τi(hv), by the definition of Aj , for all players j ∈ Π \ {i} we
have π′(l + 1) = τj(h · π′[0, l + 1]) = σj,i(π′(l)) for all l < ω such that
π′(l) ∈ Vj . Hence, π′ = 〈τ ′|h, (σj,i)Π\{i}〉v. We show that π′ is a play
of (Gm

i , v). As σΠ\{i} is winning in (Gm
i , v), this implies that hπ′ is not

won by player i. Otherwise fix the least l < ω with (π′(l), π′(l+ 1)) 6∈
Em together with the n < ω such that (π′(l), π′(l + 1)) ∈ En \ En+1.
Clearly π′(l) ∈ Vi. Hence, σn

i is winning in (Gn
i , π

′(l)). But then σi

is also winning in (Gm
i , π

′(l)). As π′[0, l] is the prefix of a play of
(Gm

i , v) consistent with σΠ\{i}, this implies that σΠ\{i} is not winning
in (Gm

i , v), a contradiction.

As (τj |h)j∈Π is a Nash equilibrium of (G|h, v) for every history hv of (G, v0),
(τj)j∈Π is a subgame perfect equilibrium of (G, v0).

We have proven the existence of a finite-state subgame perfect equilib-
rium in any finite multiplayer parity game. In most cases, this result is not
satisfactory because our result makes no statement about the payoff of the
finite-state equilibrium shown to exist. This raises the question whether
finite-state equilibria suffice in general to realise any subgame perfect equi-
librium payoff of a finite parity game, i.e. whether for any subgame perfect
equilibrium of a finite multiplayer parity game there exists a finite-state sub-
game perfect equilibrium of the game with the same payoff. We will answer
this question positively in Chapter 6. Note that, as demonstrated in Ex-
ample 4.1, positional subgame perfect equilibria are in general not sufficient
to realise an arbitrary subgame perfect equilibrium payoff. Thus it is clear
that finite-state strategies are necessary in general.

When we will have shown in Chapter 6 that every subgame perfect equi-
librium payoff is realisable by a finite-state subgame perfect equilibrium,
Theorem 4.20 will have become a corollary of this result because we have
already proven that any multiplayer Borel game has a subgame perfect equi-
librium. We have decided to present a direct proof of the theorem here be-
cause the proof is a natural refinement of the proof of Theorem 3.10, and
moreover it can immediately be turned into an algorithm for computing a
finite-state subgame perfect equilibrium of a finite multiplayer parity game.
Algorithm 4.1 is derived from the proof in a straightforward way. Thus its
correctness follows immediately.
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Algorithm 4.1 Computes a finite-state subgame perfect equilibrium of a
multiplayer parity game
input multiplayer parity game G = (Π, V, (Vi)i∈Π, E, χ, (Ωi)i∈Π), v0 ∈ V
Enew := E
repeat
Eold := Enew

for each i ∈ Π do
Compute a uniform positional Nash equilibrium (σi, τΠ\{i}) of
Gi = ({i,Π \ {i}}, V, Vi, VΠ\{i}, Eold, χ,Ωi,ΩΠ\{i})

Wi := {v ∈ V : σi is winning in (Gi, v)}
Enew := Enew ∩ {(v, w) ∈ E : v 6∈ Vi ∩Wi or σi(v) = w}

end for
until Enew = Eold

for each i ∈ Π do
Compute the strategy automaton Ai for the finite-state strategy τi of

player i in (G, v0)
end for
output (Ai)i∈Π

Assume we have an algorithm for computing a uniform positional Nash
equilibrium of a two-player zero-sum parity game with worst-case running
time bounded by f(n,m, d) ∈ Ω(d(n + m)) for a game with n vertices, m
edges and d different priorities. Consequently, each iteration of the repeat
loop in Algorithm 4.1 can be implemented in time O(k · f(n,m, d)) where k
is the number of players and d is the maximal number of different priorities
for each player because, given a positional strategy of player 0 in a two-
player zero-sum parity game, we can compute in time O(d(n+m)) the set
of all vertices from where this strategy is winning (see for example [BG04,
Proposition 3.3]). As the number of iterations of the loop is bounded by
the number of edges, this implies that the running time of the loop is in
O(km ·f(n,m, d)). Each automaton Ai can be constructed in time O(k2n2).
Thus the running time of the algorithm is in O(km · f(n,m, d) + k3n2).
Hence, if there exists a polynomial-time algorithm for computing a uniform
positional Nash equilibrium of a two-player zero-sum parity game, then our
algorithm can be made to work in polynomial time as well. Note that it
even suffices to have a polynomial-time algorithm for computing a positional
winning strategy for one player in an initialised two-player zero-sum parity
game because such an algorithm makes it possible to compute a uniform
Nash equilibrium of the game in polynomial time via the construction in the
first proof of Theorem 4.15. Finally, replacing f(n,m, d) by the worst-case
running time of Jurdziński’s algorithm (Theorem 4.18), we get the following
result.
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Theorem 4.21. Computing a finite-state subgame perfect equilibrium of a
multiplayer parity game with k players, n vertices, m edges and at most d ≥
2 priorities for each player can be done in time O

(
kdm2

(
n

bd/2c
)bd/2c+k3n2

)
.

2 ++ONMLHIJK0kk
++ 3kk

++ONMLHIJK1kk

Figure 4.3: Arena of the game from Example 4.3.

Example 4.3. Let G = ({1, 2}, V, V1, V2, E, F1, F2) be the multiplayer Büchi
game with its arena depicted in Figure 4.3. In the figure, circled vertices
stand for vertices controlled by player 1, and boxed vertices stand for ver-
tices controlled by player 2. The winning condition of player i is to visit
vertex i infinitely often, i.e. Fi = {i} for i = 1, 2. For every initial vertex v,
no player has a winning strategy in (G, v). Thus Algorithm 4.1 may choose
any pair of positional strategies (σ1, σ2) for the two players, for example
the strategies defined by σ1(0) = 3 and σ2(3) = 0. The resulting strategy
profile has payoff (0, 0). This implies that the the subgame perfect equilib-
rium computed by the algorithm has payoff (0, 0). However, (G, v) has a
finite-state subgame perfect equilibrium with payoff (1, 1), for example the
strategy profile where player 1 moves alternatingly from 0 to 2 and 3 and
player 2 moves alternatingly from 3 to 0 and 1.

Example 4.3 shows that Algorithm 4.1 may compute a very poor equi-
librium. What we actually want is a maximal subgame perfect equilibrium
of the game, i.e. an equilibrium such that there is no subgame perfect equi-
librium with a higher payoff. This optimisation problem corresponds to the
following decision problem:

Given a multiplayer graph game (G, v0) and a threshold x ∈
{0, 1}k, decide whether (G, v0) has a subgame perfect equilibrium
with payoff ≥ x.

If we can solve this decision problem (which should mean that we can also
extract a suitable equilibrium from a positive answer), then we can find a
maximal subgame perfect equilibrium of (G, v0) in the following way. We
initialise the threshold with x = (0)i∈Π. Then for each player i (following
any ordering on players), we check if there is an equilibrium with payoff xi

where xi is defined by xi
j = xj for all players j 6= i and xi

i = 1. If the answer
is yes, we set xi to 1 and continue with the next player. In the end, x is the
payoff of a maximal subgame perfect equilibrium of (G, v0).
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Chapter 5

Logical Winning Conditions

We discuss two other formalisms for specifying winning conditions of a graph
game. The general idea is to use logical formulae to define winning condi-
tions. The resulting formalisms are very expressive and subsume all previ-
ously presented winning conditions.

5.1 Monadic Second-Order Logic

The first formalism we introduce is based on monadic second-order logic,
i.e. first-order logic with the ability to quantify over sets. We use it as
a framework for specifying properties of infinite words. We assume that
the reader is familiar with the basic notions of mathematical logic and go
rather quickly through the necessary definitions. For an introduction into
mathematical logic, the reader is referred to [EFT84].

Definition 5.1. A signature is a finite set of relational symbols each one
having a certain arity k < ω. For a signature τ = {R1, . . . , Rm}, a τ -
structure is a tuple A = (A,RA

1 , . . . , R
A
m) where A is a non-empty set called

the universe of A and RA
i ⊆ Ak if the relation symbol Ri has arity k.

Definition 5.2 (Syntax of MSO). Let Var = {x0, x1, . . .} ∪̇ {X0, X1, . . .}
be a fixed, countable set of variables consisting of infinitely many first-order
variables which we write in lower case letters and infinitely many second-
order variables which we write in upper case letters, and let τ be a signature.
The set MSO[τ ] of MSO-formulae over τ is inductively defined by:

(1) If x, y are first-order variables, then x = y ∈ MSO[τ ];

(2) if X is a second-order variable and x is a first-order variable, then
Xx ∈ MSO[τ ];

(3) if R ∈ τ is a k-ary relation symbol and x1, . . . , xk are first-order vari-
ables, then Rx1 . . . xk ∈ MSO[τ ];
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(4) if ϕ,ψ ∈ MSO[τ ], then ¬ϕ ∈ MSO[τ ] and (ϕ ∨ ψ) ∈ MSO[τ ];

(5) If ϕ ∈ MSO[τ ], x is a first-order variable, and X is a second-order
variable, then ∃x.ϕ ∈ MSO[τ ] and ∃X.ϕ ∈ MSO[τ ].

We omit brackets if they are clear from the context. Moreover, we define 0 as
an abbreviation for the formula ∃x.¬x = x, 1 as an abbreviation for ¬0, (ϕ∧
ψ) as an abbreviation for ¬(¬ϕ∨¬ψ), (ϕ→ ψ) as an abbreviation for (¬ϕ∨
ψ), ∀x.ϕ as an abbreviation for ¬∃x.¬ϕ and ∀X.ϕ as an abbreviation for
¬∃X.¬ϕ. Given a finite set I = {i1, . . . , ik} and MSO-formulae ϕi1 , . . . , ϕik ,
we also write

∨
i∈I ϕi and

∧
i∈I ϕi for 0∨ϕi1 ∨ . . .∨ϕik and 1∧ϕi1 ∧ . . .∧ϕik ,

respectively.
An occurrence of a variable x or X in a formula ϕ is called bound if it

is part of a subformula ∃x.ψ or ∃X.ψ, respectively, of ϕ and free otherwise.
A sentence is a formula in which every occurrence of a variable is bound.
We write ϕ(x1, . . . , xm) to indicate that at most the first-order variables
x1, . . . , xm occur free in ϕ.

Definition 5.3 (Semantics of MSO). A pair (A, β) where A is a τ -structure
and β : Var → A ∪ P(A) is a function such that β(x) ∈ A for first-order
variables x and β(X) ∈ P(A) for second-order variables X is called a τ -
interpretation. For a τ -interpretation (A, β), a first-order variable x and an
element a ∈ A, let (A, β)[x/a] be the interpretation (A, β′) with β′(x) = a
and β′(y) = β(y) for all y 6= x. For a second-order variable X and a subset
P ⊆ A, the interpretation (A, β)[X/P ] is analogously defined.

Let (A, β) be a τ -interpretation. Inductively, for every ϕ ∈ MSO[τ ] we
define whether (A, β) |= ϕ by

(1) (A, β) |= x = y if and only if β(x) = β(y),

(2) (A, β) |= Xx if and only if β(x) ∈ β(X),

(3) (A, β) |= Rx1 . . . xk if and only if (β(x1), . . . , β(xk)) ∈ RA,

(4) (A, β) |= ¬ϕ if and only if (A, β) 6|= ϕ,

(5) (A, β) |= (ϕ ∨ ψ) if and only if (A, β) |= ϕ or (A, β) |= ψ,

(6) (A, β) |= ∃x.ϕ if and only if (A, β)[x/a] |= ϕ for some a ∈ A, and

(7) (A, β) |= ∃X.ϕ if and only if (A, β)[X/P ] |= ϕ for some P ⊆ A.

Given a formula ϕ(x1, . . . , xm) ∈ MSO[τ ], a τ -structure A and elements
a1, . . . , am ∈ A, we write A |= ϕ(a1, . . . , am) if (A, β) |= ϕ for some (and
hereby for all) interpretations (A, β) with β(xi) = ai for all 1 ≤ i ≤ m.
In particular, we write A |= ϕ if ϕ is a sentence and (A, β) |= ϕ for some
interpretation (A, β). In this case, we say that A is a model of ϕ or that ϕ
holds in A.
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We use MSO-formulae to define sets of infinite words by assigning to each
infinite word over a certain alphabet a structure of an appropriate signature.

Definition 5.4. A signature τ = {S} ∪ {Pa : a ∈ Σ} where Σ is a non-
empty, finite set, S is a binary relation symbol, and each Pa is a unary
relation symbol is called a word signature.

For a word signature τ = {S} ∪ {Pa : a ∈ Σ}, a word model is a τ -
structure W with universe ω where S is interpreted with the successor rela-
tion on ω, i.e. SW = {(n, n+1) : n < ω}, and the sets PW

a define a partition
of ω. We identify a word model W with the infinite word α ∈ Σω defined
by α(n) = a if and only if n ∈ PW

a . For a sentence ϕ ∈ MSO[τ ], the set
L(ϕ) = {α ∈ Σω : α |= ϕ} is called the language defined by ϕ.

Example 5.1. Let τ = {S}∪{Pa : a ∈ Σ} be a word signature. We use x ≤ y
as an abbreviation for the formula

∀X.((Xx ∧ ∀u.∀v.((Xu ∧ Suv) → Xv)) → Xy)

which defines the reflexive, transitive closure of S. Here are some MSO-
sentences over τ and their word models.

(1) Given a set F ⊆ Σ, an infinite word α ∈ Σω is a model of∨
a∈F

∃x.Pax

if and only if Occ(α) ∩ F 6= ∅.

(2) Given a set F ⊆ Σ, an infinite word α ∈ Σω is a model of∨
a∈F

∀x.∃y.(x ≤ y ∧ Pay)

if and only if Inf(α) ∩ F 6= ∅.

(3) Given a priority function Ω : Σ → ω, α ∈ Σω is a model of∨
k∈Ω(Σ)
k even

∨
a∈Σ

Ω(a)=k

(
∀x.∃y.(x ≤ y ∧ Pay) ∧

∧
l∈Ω(Σ)

l<k

∧
b∈Σ

Ω(b)=l

∃x.∀y.(x ≤ y → ¬Pby)
)

if and only if min(Ω(Inf(α))) is even.

(4) For a ∈ Σ, an infinite word α ∈ Σω is a model of

∃X.(∀x.(∀y.¬Syx→ Xx) ∧
∀x.∀y.∀z.((Xx ∧ Sxy ∧ Syz) → (¬Xy ∧Xz)) ∧
∀x.(Pax→ Xx))

if and only if α(n) = a only for even n < ω.
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To use MSO-formulae as winning conditions for games, we use again a
colouring of the game graph into a finite set of colours.

Definition 5.5. A game G = (Π, V, (Vi)i∈Π, E, (Wi)i∈Π) is called a mul-
tiplayer MSO-game if there exists a function χ : V → C for some fi-
nite, non-empty set C and for each player i ∈ Π an MSO-sentence ϕi

over the word signature {S} ∪ {Pc : c ∈ C} such that for all players
i ∈ Π we have Wi = {π ∈ V ω : χ(π) |= ϕi}. In this case, we write
G = (Π, V, (Vi)i∈Π, E, χ, (ϕi)i∈Π).

Given the example formulae (1),(2) and (3) from Example 5.1, it is
obvious that any multiplayer reachability, Büchi, or parity game is also
a multiplayer MSO-game. As MSO-formulae are closed under negation,
this also holds for multiplayer safety and co-Büchi games. On the other
hand, formula (4) defines a set of words α ∈ Σω that cannot be defined
by a condition on Occ(α) or Inf(α). However, we will show that every
multiplayer MSO-game can be reduced to a multiplayer parity game, though
the reduction involves a blow-up of the game graph.

5.2 Linear Temporal Logic

Another popular logic for specifying properties of infinite sequences is lin-
ear temporal logic (LTL) as introduced by Pnueli [Pnu77]. LTL is not as
expressive as MSO, but strong enough to express most properties used in
verification. It has an easier syntax than MSO which avoids the use of
variables and is much better tractable than MSO.

Definition 5.6 (Syntax of LTL). Let P = {p0, . . . , pm−1} be a finite, non-
empty set of propositions. The set LTL[P ] of LTL-formulae over P is in-
ductively defined by:

(1) If p ∈ P , then p ∈ LTL[P ];

(2) If ϕ,ψ ∈ LTL[P ], then ¬ϕ ∈ LTL[P ] and (ϕ ∨ ψ) ∈ LTL[P ];

(3) If ϕ,ψ ∈ LTL[P ], then Xϕ ∈ LTL[P ] and (ϕUψ) ∈ LTL[P ].

As with MSO, we omit brackets if they are clear from the context and define
some abbreviations. We write 0 as an abbreviation for ¬(p0 ∨ ¬p0), 1 as an
abbreviation for ¬0, (ϕ ∧ ψ) as an abbreviation for ¬(¬ϕ ∨ ¬ψ), Fϕ as an
abbreviation for 1Uϕ and Gϕ as an abbreviation for ¬F¬ϕ.

Definition 5.7 (Semantics of LTL). We interpret LTL[{p0, . . . , pm−1}]-
formulae over ω-words α ∈ ({0, 1}m)ω where α(j)(i) = 1 has the meaning
that proposition pi is true at position j of α. Let α ∈ ({0, 1}m)ω and j < ω.
Inductively, we define for every ϕ ∈ LTL[{p0, . . . , pm−1}] whether α, j |= ϕ
by
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(1) α, j |= pi if and only if α(j)(i) = 1,

(2) α, j |= ¬ϕ if and only if α, j 6|= ϕ,

(3) α, j |= (ϕ ∨ ψ) if and only if α, j |= ϕ or α, j |= ψ,

(4) α, j |= Xϕ if and only if α, j + 1 |= ϕ, and

(5) α, j |= (ϕUψ) if and only if there exists k ≥ j such that α, k |= ψ and
α, l |= ϕ for all j ≤ l < k.

We write α |= ϕ if α, 0 |= ϕ. In this case, we say that α is a model of ϕ or
that ϕ holds in α. The set L(ϕ) = {α ∈ ({0, 1}m)ω : α |= ϕ} is called the
language defined by ϕ.

Example 5.2. Let P = {p0, . . . , pm−1}. We give some example LTL-formulae
and their models.

(1) An infinite word α ∈ ({0, 1}m)ω is a model of the formula

F(p0 ∧ ¬pm−1)

if and only there exists a position of α where p0 is true but pm−1 is
not.

(2) An infinite word α ∈ ({0, 1}m)ω is a model of the formula

GF(p0 ∧ ¬pm−1)

if and only there exist infinitely many positions of α where p0 is true
but pm−1 is not.

(3) An infinite word α ∈ ({0, 1}m)ω is a model of the formula

p0 ∧Xp0 ∧XX(¬p0Upm−1)

if and only if p0 is true at positions 0 and 1 of α and there exists a
position k ≥ 2 where pm−1 is true and at all positions inbetween p0 is
not true.

The following proposition shows that LTL can be understood as a frag-
ment of MSO (interpreted over words α ∈ ({0, 1}m)ω).

Proposition 5.8. Let P = {p0, . . . , pm−1} be a non-empty, finite set. For
every ϕ ∈ LTL[P ], there exists an MSO-sentence ϕ̃ over the word signature
{S} ∪ {Pa : a ∈ {0, 1}m} such that α |= ϕ⇔ α |= ϕ̃ for all α ∈ ({0, 1}m)ω.
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Proof. Inductively, for every ϕ ∈ LTL[P ] we define an MSO-formula ϕ(x)
such that α, j |= ϕ⇔ α |= ϕ(j) for all α ∈ ({0, 1}m)ω and j < ω. Given ϕ,
we can define ϕ̃ = ∃x.(∀y.¬Syx ∧ ϕ(x)). For propositions pi, we define

pi(x) =
∨

a∈{0,1}m

a(i)=1

Pax.

Negations and disjunctions are translated directly, i.e. ¬ϕ(x) = ¬ϕ(x) and
(ϕ ∨ ψ)(x) = (ϕ(x) ∨ ψ(x)). For a formula Xϕ, we define

Xϕ(x) = ∃y.(Sxy ∧ ϕ(y)).

Here ϕ(y) stands for the formula that is created from ϕ(x) by replacing all
free occurrences of x by y. Finally, for a formula (ϕUψ) we define

(ϕUψ)(x) = ∃y.(x ≤ y ∧ ψ(y) ∧ ∀z.((x ≤ z ∧ z < y) → ϕ(z)))

where ≤ is defined as in Example 5.1 and z < y is an abbreviation for
z ≤ y ∧¬z = y. It is obvious from the semantics of LTL that this definition
fulfils the claim.

To separate LTL from MSO, one introduces the notion of counting. A
language L ⊆ Σω is non-counting if there exists an n < ω such that for all
k > n, all v, w ∈ Σ∗ and all α ∈ Σω we have

vwkα ∈ L⇔ vwk+1α ∈ L.

This means that for k > n either all vwkα are in L or none is. By induction
on ϕ, it is easy to prove that every language defined by an LTL-formula ϕ is
non-counting. On the other hand, the language L ⊆ {0, 1}ω defined by the
MSO-formula from Example 5.1 (4) (with Σ = {0, 1} and a = 1) is counting,
i.e. not non-counting (take v = ε, w = 0 and α = 10ω).

A full characterisation of LTL in MSO was given by Kamp [Kam68].
Observe that the translation from LTL to MSO does not use any second-
order quantification except for its implicit usage to define ≤. Kamp showed
that the converse also holds: Every language definable in first-order logic
with the additional binary relation symbol ≤ interpreted with the natural
well-ordering on ω is also definable in LTL.

To use LTL-formulae as winning conditions for games, we require that
the colouring function maps into {0, 1}m for some m < ω.

Definition 5.9. A game G = (Π, V, (Vi)i∈Π, E, (Wi)i∈Π) is called a multi-
player LTL-game if there exists a function χ : V → {0, 1}m for some m < ω
and for each player i ∈ Π a formula ϕi ∈ LTL[p0, . . . , pm−1] such that for all
players i ∈ Π we have Wi = {π ∈ V ω : χ(π) |= ϕi}. In this case, we write
G = (Π, V, (Vi)i∈Π, E, χ, (ϕi)i∈Π).
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As with MSO, given the example formulae (1) and (2) from Example 5.2,
it should be obvious that any multiplayer reachability, safety, (co-)Büchi, or
parity game is also a multiplayer LTL-game. On the other hand, formula (3)
defines a set of words α ∈ ({0, 1}m)ω that cannot be defined by a condition
on Occ(α) or Inf(α). Given the translation from LTL to MSO, it is also
clear that every multiplayer LTL-game is also a multiplayer MSO-game.

5.3 Automata on Infinite Words

The automata-theoretic approach has been extremely successful when deal-
ing with monadic second-order logic over tree-like structures. In general, it
allows us to translate an MSO-formula into an automaton that, given a class
of tree-like structures, accepts precisely those structures in the given class
that are a model of the formula. In the case of MSO interpreted over word
models, one can use usual finite automata with an acceptance condition for
infinite words. We use the Büchi and the parity condition for this.

Definition 5.10. A parity automaton is a tuple A = (Q,Σ, q0,∆,Ω) where

(1) Q is a non-empty, finite set of states,

(2) Σ is a non-empty, finite set,

(3) q0 ∈ Q is the initial state,

(4) ∆ ⊆ Q× Σ×Q is the transition relation, and

(5) Ω : Q→ ω is the priority function.

A is called a Büchi automaton if Ω(Q) ⊆ {0, 1}. A is called deterministic if
for every pair (p, a) ∈ Q×Σ there exists precisely one q ∈ Q with (p, a, q) ∈
∆. In this case, we usually replace ∆ by a transition function δ : Q×Σ → Q.

A run of A on an infinite word α ∈ Σω is an infinite word ρ ∈ Qω such
that ρ(0) = q0 and (ρ(k), α(k), ρ(k + 1)) ∈ ∆ for all k < ω. A run ρ is
accepting if min(Ω(Inf(ρ))) is even. A accepts an infinite word α ∈ Σω if
there exists an accepting run of A on α. By L(A), we denote the set of all
α ∈ Σω such that A accepts α. L(A) is called the language defined by A.

Büchi showed in his seminal paper [Büc62] that MSO and Büchi au-
tomata are expressively equivalent over infinite words. Here, we are only
interested in the translation of MSO-formulae into Büchi automata. The
translation is effective in the sense that there is an algorithm computing the
automaton for any given input formula.

Theorem 5.11 (Büchi). For any MSO-sentence ϕ over a word signature,
one can effectively construct a Büchi automaton A such that L(A) = L(ϕ).



52 5 Logical Winning Conditions

It should be noted that the size of the automaton may be very large.
The number of states of the automaton can only be bounded by

2
2·
··

O(|ϕ|) }
q+1

where q is the number of quantifier alternations in the given formula ϕ (see
[GTW02, Chapter 11]).

There is one problem left. Büchi automata are in general non-determin-
istic, but we will need deterministic automata equivalent to MSO-formulae.
Unfortunately, deterministic Büchi automata are not able to define all MSO-
definable languages, i.e. there is an MSO-definable language L (for example
L = {0, 1}∗1ω) such that L(A) 6= L for any deterministic Büchi automaton
A. However, it can be shown that Büchi automata, deterministic parity
automata and parity automata are able to define precisely the same lan-
guages. Thus, our preferred automaton model is that of a deterministic
parity automaton.

There are several constructions for determinising parity automata, the
best one being a combination of Safra’s construction [Saf88] and an index
appearance record (IAR) construction (see [Saf92]). If the given parity au-
tomaton has n states and d priorities, then the resulting deterministic parity
automaton has 2O(nd log nd) states and O(nd) priorities1.

Theorem 5.12 (Safra). Given a parity automaton A with n states and d
priorities, one can effectively construct a deterministic parity automaton B
with 2O(nd log nd) states and O(nd) priorities such that L(B) = L(A).

A corollary is that we can transform a Büchi automaton with n states
into a deterministic parity automaton with 2O(n log n) states and O(n) prior-
ities. Michel [Mic88] and Löding [Löd99] showed that this bound is optimal.

Corollary 5.13. Given a Büchi automaton A with n states, one can ef-
fectively construct a deterministic parity automaton B with 2O(n log n) states
and O(n) priorities such that L(B) = L(A).

As we know the topological complexity of the parity condition, we can
determine the complexity of MSO-definable languages and MSO-games.

Corollary 5.14. Any language defined by an MSO-formula is contained in
∆0

3. In particular, multiplayer MSO-games are ∆0
3-games.

1A parity automaton with n states and d priorities can be transformed into a Büchi
automaton with O(nd) states. Safra’s construction transforms a Büchi automaton with n
states into a deterministic Rabin automaton (see [Rab72]) with 2O(n log n) states and 2n
accepting pairs. The IAR construction transforms a deterministic Rabin automaton with
n states and r accepting pairs into a deterministic parity automaton with n · 2O(r log r)

states and O(r) priorities.
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Proof. Let L = L(ϕ) ⊆ Σω for an MSO-sentence ϕ over a word signature
τ = {S} ∪ {Pa : a ∈ Σ}. By Theorem 5.11 and Theorem 5.12, there exists
a deterministic parity automaton A = (Q,Σ, q0, δ,Ω) such that L(A) = L.
The set A of infinite words ρ ∈ Qω satisfying the parity condition is a
∆0

3-set (see above). We extend δ to a function δ : Σω → Qω by defining
δ(a0a1a2 . . .) = q0q1q2 . . . where qi+1 = δ(qi, ai). Thus, δ maps an infinite
word α ∈ Σω to the unique run of A on α. Clearly, δ is continuous with
δ : L ≤ A, and hence L ∈ ∆0

3.
Now let G = (Π, V, (Vi)i∈Π, E, χ, (ϕi)i∈Π) be a multiplayer MSO-game.

By definition of G, the set of plays won by player i is Wi = χ−1(L(ϕi)). As
χ is continuous with χ : Wi ≤ L(ϕi), we have Wi ∈ ∆0

3. As this holds for
any player i, G is a ∆0

3-game.

The näıve way of translating LTL into Büchi automata would be to
write the given formula as an equivalent MSO-formula and to apply the
translation for MSO-formula. However, every subformula ϕUψ introduces
quantifier alternation. Hence, the translation suffers from the high com-
plexity of translating MSO-formulae into Büchi-automata. The nice thing
about LTL is that we can do much better. Vardi et al. [VWS83] showed
that a Büchi automaton with exponentially many states in the length of the
formula suffices.

Theorem 5.15 (Vardi et al.). For any LTL-formula ϕ, one can effectively
construct a Büchi-automaton A with 2O(|ϕ|) states such that L(A) = L(ϕ).

Using Corollary 5.13 to transform the resulting Büchi automaton into a
deterministic parity automaton, we end up with a parity automaton with
22O(|ϕ|)

states and 2O(|ϕ|) priorities, a result originally due to Emerson and
Sistla [ES84].

Corollary 5.16 (Emerson, Sistla). For any LTL-formula ϕ, one can effec-
tively construct a deterministic parity automaton A with 22O(|ϕ|)

states and
2O(|ϕ|) priorities such that L(A) = L(ϕ).

5.4 The Reduction

We are now able to reduce multiplayer MSO-games to multiplayer parity
games. The arena of the parity game is the product of the arena of the
original MSO-game with the parity automata defining the players’ winning
conditions.

Claim 5.17. For any initialised multiplayer MSO-game (G, v0), there exists
an initialised multiplayer parity game (G′, v′0) with (G, v0) ≤fin (G′, v′0).

Proof. Let G = (Π, V, (Vi)i∈Π, E, χ, (ϕi)i∈Π) where χ : V → C. By Theorem
5.11 and Theorem 5.12, for each player i ∈ Π there exists a deterministic
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parity automaton Ai = (Qi, C, q0i, δi,Ωi) with L(Ai) = L(ϕi). The multi-
player parity game G′ = (Π, V ′, (V ′

i )i∈Π, E
′, χ′, (Ω′

i)i∈Π) has vertex set

V ′ = V ×
∏
i∈Π

Qi

where (v, p) ∈ V ′
i ⇔ v ∈ Vi. The colouring function χ′ : V ′ →

∏
i∈ΠQi

maps a vertex (v, p) to p. The priority function Ω′
i maps a tuple (pi)i∈Π

to the priority Ωi(pi) of the automaton state pi. It remains to specify E′.
((v, (pi)i∈Π), (w, (qi)i∈Π)) is in E′ if and only if (v, w) ∈ E and

δi(pi, χ(v)) = qi

for all i ∈ Π. The initial vertex of G′ is v′0 = (v0, (q0i)i∈Π). Thus, in a play
π, G′ simulates each parity automaton Ai on the corresponding play of G (or
more precisely on the corresponding word of colours). It is straightforward
to verify that (G, v0) ≤fin (G′, v′0).

We can use the reduction to prove the existence of a finite-state subgame
perfect equilibrium in any finite multiplayer MSO-game.

Corollary 5.18. Any initialised finite multiplayer MSO-game has a finite-
state subgame perfect equilibrium.

Proof. This is a direct consequence of Theorem 4.20 together with Claim
5.17 and Lemma 4.11.

As, by Lemma 2.14, in a Nash equilibrium of a two-player zero-sum
game, either one of the two strategies is a winning strategy, this also shows
that finite two-player zero-sum MSO-games are finite-state determined, a
result due to Büchi and Landweber [BL69].

Corollary 5.19 (Büchi, Landweber). In any initialised finite two-player
zero-sum MSO-game, either one of the two players has a finite-state winning
strategy.

Using Theorem 4.21, the reduction also gives an algorithm for computing
a finite-state subgame perfect equilibrium of a finite multiplayer MSO-game.
However, the reduction suffers from the high complexity of translating MSO-
formulae into parity automata. For multiplayer LTL-games, we can exploit
Theorem 5.15 and Corollary 5.16 to construct a parity game with an arena
of size linear in the size of the original arena and double-exponential in the
size of the LTL-formulae specifying the winning conditions and a maximal
number of priorities single-exponential in the size of the formulae. All in all,
this gives a double-exponential time bound for the algorithm.

Corollary 5.20. Computing a finite-state subgame perfect equilibrium of a
finite multiplayer LTL-game can be done in double-exponential time.
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Chapter 6

Decision Problems

At the end of Chapter 4, we discussed that a solution of the problem of
deciding whether a multiplayer graph game has a subgame perfect equilib-
rium with payoff at least x for a given threshold x gives us a way to find an
optimal subgame perfect equilibrium of the game. In fact, we will study a
stronger variant of this decision problem, namely to decide whether a mul-
tiplayer graph game has a subgame perfect equilibrium with payoff at least
x and at most y for given thresholds x and y. We call this problem the
subgame perfect equilibrium threshold problem. We will solve the problem
for finite multiplayer parity games using a reduction to the non-emptiness
problem of a parity tree automaton.

6.1 Tree Automata

We represent the complete binary tree by the set {0, 1}∗. The root of the
tree is the empty word ε, the left successor of a tree node w is w0, and the
right successor of a tree node w is w1. The tree nodes are labelled with
elements of some alphabet.

Definition 6.1. For any set Σ, a complete Σ-valued binary tree is a function
t : {0, 1}∗ → Σ. A path through t is an infinite word π ∈ {0, 1}ω. For a
path π through t, we denote by t|π the infinite word α ∈ Σω defined by
α(k) = t(π[0, k]) for all k < ω. By T ω

Σ , we denote the set of all complete
Σ-valued binary trees.

Definition 6.2. A parity tree automaton is a tuple A = (Q,Σ, q0,∆,Ω)
where

(1) Q is a non-empty, finite set of states,

(2) Σ is a non-empty, finite set,

(3) q0 ∈ Q is the initial state,
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(4) ∆ ⊆ Q× Σ×Q×Q is the transition relation, and

(5) Ω : Q→ ω is the priority function.

A is called a Büchi tree automaton if Ω(Q) ⊆ {0, 1}.
A run of A on a tree t ∈ T ω

Σ is a tree s ∈ T ω
Q such that s(ε) = q0 and

(s(w), t(w), s(w0), s(w1)) ∈ ∆ for all w ∈ {0, 1}∗. A run s of A is accepting
if min(Ω(Inf(s|π))) is even for all paths π through s. A accepts a tree t ∈ T ω

Σ

if there exists an accepting run of A on t. By T (A), we denote the set of all
t ∈ T ω

Σ such that A accepts t. T (A) is called the tree language defined by
A. A tree language T ⊆ T ω

Σ is called regular if T = T (A) for some parity
tree automaton A.

As proposed by Gurevich and Harrington [GH82], it is convenient to
describe the behaviour of a tree automaton on an input tree by a two-player
zero-sum game played on the tree. Any play starts at the root of t in the
initial state of the automaton. Whenever a play arrives at a node w of the
tree and the automaton is in state q, then player 0 has to choose a suitable
transition (q, t(w), p0, p1). It is then player 1’s task to decide whether the
play should continue at the left successor of w in state p0 or at the right
successor of w in state p1. If there is no suitable transition available for
player 0, then she must move to a sink vertex ⊥. Player 0 wins an infinite
play of the game if ⊥ is never visited and the corresponding sequence of
automaton states satisfies the acceptance condition of the automaton.

Definition 6.3. Let A = (Q,Σ, q0,∆,Ω) be a parity tree automaton and t
a complete Σ-valued binary tree. We define the two-player zero-sum parity
game GA,t = (V, V0, V1, E, χ,Ω0,Ω1) as follows. The vertex set of GA,t is

V = ((Q ∪∆)× {0, 1}∗) ∪ {⊥}

where the set of vertices controlled by player 0 is

V0 = Q× {0, 1}∗.

The colouring function χ : V → Q ∪̇ {⊥} is defined by χ((q, w)) = q,
χ(((q, a, p0, p1), w)) = q and χ(⊥) = ⊥. The priority function of player 0
is defined by Ω0(q) = Ω(q) and Ω0(⊥) = 1, and the priority function of
player 1 is defined by Ω1(q) = Ω(q) + 1 and Ω1(⊥) = 0. It remains to
specify the edge relation. E consists of all pairs ((q, w), ((q, t(w), p0, p1), w))
with (q, t(w), p0, p1) ∈ ∆, all pairs ((q, w),⊥), the pair (⊥,⊥) and all pairs
(((q, a, p0, p1), w), (pi, wi)) where i ∈ {0, 1}.

The following lemma should be obvious from the definition of GA,t, and
we will not prove it here.

Lemma 6.4. For any parity tree automaton A = (Q,Σ, q0,∆,Ω) and any
tree t ∈ T ω

Σ , we have t ∈ T (A) if and only if player 0 has a winning strategy
in the game (GA,t, (q0, ε)).
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It is easy to show that the class of regular tree languages is closed under
union and projection (i.e. if T ⊆ T ω

Σ×Γ is regular, then so is the tree language
T = {t : t ∈ T} ⊆ T ω

Σ where for a tree t ∈ T ω
Σ×Γ the tree t : {0, 1}∗ → Σ is

defined as the elementwise projection of t on the first component). However,
the result that this class is also closed under complementation is a highly
non-trivial result, which is due to Rabin [Rab69].

Theorem 6.5 (Rabin). The class of regular tree languages is closed under
complementation, i.e. if T ⊆ T ω

Σ is regular, then T ω
Σ \ T is also regular.

We will sketch a proof of Rabin’s theorem due to Thomas [Tho97] and
Zielonka [Zie98]. A central argument in the proof is positional determinacy
of the parity game GA,t which follows from Theorem 4.13. The use of this
argument makes the proof a lot simpler than the original proof by Rabin1.
The proof of Thomas and Zielonka reduces the problem of complementing
a parity tree automaton to the problem of complementing a parity word
automaton, which can be achieved by first making the automaton deter-
ministic and then dualising the acceptance condition. This gives rise to the
following stronger version of Theorem 6.5.

Theorem 6.6. Given a parity tree automaton A with n states and d priori-
ties, one can effectively construct a parity tree automaton B with 2O(nd log nd)

states and O(nd) priorities such that T (B) = T ω
Σ \ T (A).

Proof. We sketch the proof of Theorem 6.6 following [GTW02, Chapter 8].
Let A = (Q,Σ, q0,∆,Ω). We have to construct a parity tree automaton
B such that B accepts some tree t ∈ T ω

Σ if and only if A does not accept
t. By Lemma 6.4 and the positional determinacy of two-player zero-sum
parity games (Theorem 4.13), we can reformulate this in the following way:
B must accept t if and only if player 1 has a positional winning strategy in
the initialised parity game (GA,t, (q0, ε)).

A positional strategy of player 1 in GA,t can be encoded as a function
s : {0, 1}∗ → {0, 1}∆ determining for every tree node whether to continue
the play at the left (0) or the right successor (1) depending on the tran-
sition chosen by player 0. Thus, a positional strategy of player 1 in GA,t

is again a complete binary tree s labelled with elements of {0, 1}∆. Let
Σ′ = Σ× {0, 1}∆ and let t̂ s : {0, 1}∗ → Σ′ be the tree defined by t̂ s(w) =
(t(w), s(w)). We construct a parity tree automaton B′ = (Q′,Σ′, q′0,∆

′,Ω′)
accepting precisely those trees t̂ s ∈ T ω

Σ′ over the extended alphabet Σ′

such that s is a winning strategy of player 1 in (GA,t, (q0, ε)). Then we
can define B = (Q′,Σ, q′0,∆

′′,Ω′) where (q, a, p0, p1) ∈ ∆′′ if and only if
(q, (a, f), p0, p1) ∈ ∆′ for some f ∈ {0, 1}∆. Note that B uses the same state
set and the same priority function as B′.

1The idea of using determinacy of games in a proof of Rabin’s theorem goes back to
Gurevich and Harrington [GH82].
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We observe that, given a tree t̂ s ∈ T ω
Σ′ , s is a winning strategy of player

1 in (GA,t, (q0, ε)) if and only if for all possible moves of player 0 in the
game the unique path π through t̂ s determined by player 0’s move sequence
violates the parity condition given by Ω. A reformulation of this is that s
is a winning strategy of player 1 in (GA,t, (q0, ε)) if and only if for all paths
π ∈ {0, 1}ω through t we have that, if π is generated by a possible move
sequence of player 0 in (GA,t, (q0, ε)), then π violates the parity condition
given by Ω. This implication can be understood as a condition on infinite
words α ∈ (Σ′×{0, 1})ω. We show that it can be checked by a deterministic
parity word automaton W.

The set of infinite words α ∈ (Σ′×{0, 1})ω not satisfying the above con-
dition is defined by the parity word automaton V = (Q,Σ′×{0, 1}, q0, ∆̃,Ω)
where (q, (a, f, i), p) ∈ ∆̃ if and only if there exists τ = (q, a, p0, p1) ∈ ∆
such that f(τ) = i and p = pi. Note that V has the same state set and
priority function as the given tree automaton A. By Theorem 5.12, there
exists a deterministic parity automaton V ′ = (Q′,Σ′ × {0, 1}, q0, δ,Ω) with
2O(nd log nd) states and O(nd) priorities such that L(V ′) = L(V). Now we can
define W = (Q′,Σ′ × {0, 1}, q0, δ,Ω′) by Ω′(q) = Ω(q) + 1 for all q ∈ Q′.

Finally, we can define B′ = (Q′,Σ′, q′0,∆
′,Ω′). B′ simulates W on each

path of the input tree, i.e. there is a transition (q, (a, f), p0, p1) ∈ ∆′ if and
only if δ(q, (a, f, 0)) = p0 and δ(q, (a, f, 1)) = p1.

Now we turn to the non-emptiness problem for parity tree automata, i.e.
the problem to decide whether T (A) 6= ∅ for a parity tree automaton A. To
solve this problem, we associate another two-player zero-sum parity game
GA with any parity tree automaton A such that T (A) 6= ∅ if and only if
player 0 has a winning strategy in GA from a given initial vertex.

Definition 6.7. For a parity tree automaton A = (Q,Σ, q0,∆,Ω) we define
the two-player zero-sum parity game GA = ({0, 1}, V, V0, V1, E, χ,Ω0,Ω1) as
follows. The vertex set of GA is

V = (Q ∪∆) ∪̇ {⊥}

with the set of vertices controlled by player 0 being

V0 = Q.

The colouring function χ : V → Q ∪ {⊥} is defined by χ(q) = q, χ(⊥) = ⊥
and χ((q, a, p0, p1)) = q. The priority function of player 0 is defined by
Ω0(q) = Ω(q) and Ω0(⊥) = m for some odd m < ω. It remains to specify
E. E consists of all pairs (q, (q, a, p0, p1)) with (q, a, p0, p1) ∈ ∆, all pairs
(q,⊥), (⊥,⊥) and all pairs ((q, a, p0, p1), pi) with i ∈ {0, 1}.

Lemma 6.8. For any parity tree automaton A, player 0 has a winning
strategy in (GA, q0) if and only if T (A) 6= ∅.
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Proof. (⇒) Let A = (Q,Σ, q0,∆,Ω), and assume that player 0 has a (with-
out loss of generality) positional winning strategy σ in (GA, q0). We de-
fine a tree t ∈ T ω

Σ and a tree s ∈ T ω
Q such that s is an accepting run

of A on t. s and t are defined inductively by s(ε) = q0 and σ(s(w)) =
(s(w), t(w), s(w0), s(w1)) for all w ∈ {0, 1}∗. Clearly, s is a run of A on t.
Moreover, the run is accepting because a path π through s not satisfying
the parity condition can be used to define a winning strategy of player 1 in
(GA, q0).

(⇐) Let A = (Q,Σ, q0,∆,Ω) and t ∈ T (A). Thus we can fix an
accepting run s of A on t. For any tree node w ∈ {0, 1}, let τ(w) =
(s(w), t(w), s(w0), s(w1)) ∈ ∆. We define a winning strategy σ of player 0
in (GA, q0). To achieve this, for any h ∈ (Q ·∆)∗ ·Q, we define a tree node
n(h) ∈ {0, 1}∗ by n(p) = ε for p ∈ Q and n(h(q, a, p0, p1)p) = n(h)i where
i = 0 if p = p0 and i = 1 otherwise. σ is then defined by σ(h) = τ(n(h)) for
all h ∈ (Q ·∆)∗ ·Q. This strategy is winning because the existence of a play
of (GA, q0) consistent with σ but lost by player 0 implies the existence of a
path through s not fulfilling the parity condition.

Lemma 6.8 allows us to reduce the problem of deciding whether T (A) 6= ∅
to the problem of deciding whether player 0 has a winning strategy in a finite
two-player zero-sum parity game, and we can use Jurdziński’s algorithm to
solve the latter problem. This leads to the following theorem.

Theorem 6.9. For a parity tree automaton A with n states, m transitions
and d ≥ 2 different priorities, whether T (A) 6= ∅ can be decided in time
O

(
d(m + n)

(
m+n+1
bd/2c

)bd/2c). The decision problem, given a parity tree au-
tomaton A, decide whether T (A) 6= ∅, is in NP ∩ co-NP.

Proof. To decide whether T (A) 6= ∅, we construct the parity game GA. We
observe that GA has m+n+ 1 states, 3m+n+ 1 transitions and d different
priorities (assuming without loss of generality that A has at least one odd
priority). By Lemma 6.8, this describes a polynomial-time reduction from
the problem of deciding non-emptiness for parity tree automata to the prob-
lem of deciding the winner in an initialised parity game. By Corollary 4.14,
this problem is in NP ∩ co-NP. The time bound follows from Jurdziński’s
algorithm for two-player zero-sum parity games (Theorem 4.18).

Finally, we show that every non-empty regular tree language contains
a tree of a special kind, namely a tree that has only finitely many distinct
subtrees, a result also due to Rabin [Rab72].

Definition 6.10. For a tree t ∈ T ω
Σ , the subtree rooted at w ∈ {0, 1}∗ is the

tree t|w defined by t|w(v) = t(wv) for all v ∈ {0, 1}∗. t is called regular if
the set {t|w : w ∈ {0, 1}∗} of all subtrees of t is finite.
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Theorem 6.11 (Rabin). Every non-empty regular tree language contains a
regular tree.

Proof. Let A = (Q,Σ, q0,∆,Ω) be a parity tree automaton with T (A) 6= ∅.
Again we consider the game GA. By Lemma 6.8, player 0 has a (without loss
of generality) positional winning strategy σ in (GA, q0). In the proof of the
lemma, we constructed from σ a tree t ∈ T ω

Σ together with an accepting run
s of A on t by defining s(ε) = q0 and σ(s(w)) = (s(w), t(w), s(w0), s(w1)).
Clearly s is regular because, if s(w) = s(v), then s|w = s|v. Thus t is also
regular because, if s|w = s|v, then t|w = t|v.

6.2 Checking Strategies

We will now turn to the subgame perfect equilibrium threshold problem
for multiplayer parity games. To use tree automata, we need to choose a
suitable encoding of strategy profiles by binary trees.

In this section, we only consider games G = (Π, V, (Vi)i∈Π, E, (Wi)i∈Π)
where each vertex of the game graph has at most two successors, i.e. we
require |vE| ≤ 2 for all v ∈ V . Moreover, we assume that the vertices of
the game are implicitly ordered by a linear ordering < on V . Note that
we can effectively transform any game G with n vertices into a game G′
with O(n2) vertices where every vertex has at most two successors such
that equilibria are preserved in both directions, i.e. G has a Nash (subgame
perfect) equilibrium of payoff x if and only G′ has a Nash (subgame perfect)
equilibrium of payoff x.

Definition 6.12. Let G = (Π, V, (Vi)i∈Π, E, (Wi)i∈Π) be a game, v0 ∈ V
and (σi)i∈Π a strategy profile of (G, v0). We define a tree t : {0, 1}∗ → V by
t(ε) = v0 and

t(wx) =

{
min(t(w)E) if x = 0,
max(t(w)E) otherwise

for all w ∈ {0, 1}∗ and x ∈ {0, 1}. Note that, by our condition on E,
we have t(w)E = {t(w0), t(w1)} for all w ∈ {0, 1}∗. The tree t(σi)i∈Π

:
{0, 1}∗ → V ×{0, 1} is defined by t(σi)i∈Π

(w) =
(
t(w)

x

)
for the least x ∈ {0, 1}

with t(wx) = σi(t(ε) . . . t(w)) if t(w) ∈ Vi. Any t(σi)i∈Π
is called a strategy

tree of (G, v0).
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Figure 6.1: Game arena for Example 6.1
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Figure 6.2: Strategy tree of the game from Example 6.1

Example 6.1. Consider again the game G from Example 4.3 with its arena
depicted in Figure 6.1 together with the positional strategy profile (σ1, σ2)
indicated by the double edges in the figure. The initial vertex is 0. The
corresponding strategy tree t(σ1,σ2) of (G, 0) is depicted in Figure 6.2. Here
< is the usual ordering on ω.

To solve the subgame perfect equilibrium threshold problem for multi-
player parity games, we construct two tree automata: one checking whether
a tree is a strategy tree of a given initialised finite multiplayer parity game
(G, v0) and one checking whether the strategy profile encoded by a strategy
tree of (G, v0) is not a subgame perfect equilibrium of (G, v0) with payoff at
least x and at most y for given thresholds x and y.

Lemma 6.13. For any initialised multiplayer parity game (G, v0) with ver-
tices in a finite set V , there exists a Büchi tree automaton AG,v0 with O(|V |)
states such that a tree t ∈ T ω

V ×{0,1} is accepted by AG,v0 if and only if t is a
strategy tree of (G, v0).

Proof. Let G = (Π, V, (Vi)i∈Π, E, χ, (Ωi)i∈Π). The automaton has to check
whether the first component of t(ε) is v0, whether for each tree node w the
vertices given by the first component of t(w0) and t(w1), respectively, are
indeed the successors of the vertex given by the first component of t(w) and
whether for each tree node w the second component of t(w) is 0 if the vertex
given by the first component of t(w) has only one successor. We define
AG,v0 = (Q,V × {0, 1}, q0,∆,Ω) as follows. The automaton has state set

Q = V × {1, 2},

and the initial state is q0 = (v0, |v0E|). The priority Ω(q) of each state q ∈ Q
is 0. Thus every run of AG,v0 is accepting. The transition relation ∆ consists
of all tuples

((v, 2),
(
v

∗

)
, (w0, |w0E|), (w1, |w1E|))
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with vE = {w0, w1}, w0 < w1, ∗ ∈ {0, 1} and all tuples

((v, 1),
(
v

0

)
, (w, |wE|), (w, |wE|))

with vE = {w}. It is easy to see that t ∈ T (A(G,v0)) if and only if t is a
strategy tree of (G, v0).

Lemma 6.14. For any finite multiplayer parity game G with k players
and at most d different priorities for each player and any two thresholds
x, y ∈ {0, 1}k with x ≤ y, there exists a parity tree automaton AG,x,y with
O(kd) states and O(d) different priorities such that a strategy tree t(σi)i∈Π

of
(G, v0) is accepted by AG,x,y if and only if (σi)i∈Π is not a subgame perfect
equilibrium of (G, v0) with payoff at least x and at most y.

Proof. Let G = (Π, V, (Vi)i∈Π, E, χ, (Ωi)i∈Π) where without loss of generality
Π = {1, . . . , k} and Ωi(χ(V )) ⊆ {0, . . . , 2d− 1} for all i ∈ Π. There may be
two reasons why a strategy profile (σi)i∈Π of (G, v0) is not a subgame perfect
equilibrium with payoff between x and y: 〈(σi)i∈Π〉 may not have a payoff
between x and y or there may exist a history hv of (G, v0) and a player
i ∈ Π such that 〈(σj |h)j∈Π〉v is not won by player i, but 〈(σj |h)j∈Π\{i}, σ

′|h〉v
is won by player i for some strategy σ′ of player i in G. The automaton
A = AG,x,y = (Q,V × {0, 1}, q0,∆,Ω) will just check this. A has state set

Q = {q0, q?, q+} ∪ (Π× {0, . . . , 2d− 1} × {lose,win, guess}).

Intuitively, if the automaton is in state (i,m, lose), it checks whether player
i loses the outcome of the given strategy profile; if it is in state (i,m,win),
it checks whether player i wins the outcome of the given strategy profile; if
it is in state (i,m, guess), it guesses a strategy of player i that leads to a
play won by player i; if it is in state q?, it guesses a subgame; and if it is in
state q+, it will accept the rest of the input tree.

In the initial state, the automaton guesses whether it checks the payoff
of the outcome or whether it guesses a subgame for which the given strategy
profile is not a Nash equilibrium. Thus ∆ contains all transitions of the
form

(q0,
(
v

0

)
, (i,Ωi(χ(v)), lose), q+), (q0,

(
v

1

)
, q+, (i,Ωi(χ(v)), lose))

for all i with xi = 1, all transitions of the form

(q0,
(
v

0

)
, (i,Ωi(χ(v)),win), q+), (q0,

(
v

1

)
, q+, (i,Ωi(χ(v)),win))

for all i with yi = 0 and all transitions of the form

(q0,
(
v

∗

)
, q+, q?), (q0,

(
v

∗

)
, q?, q+).



6.2 Checking Strategies 63

In a state (i,m, lose) or (i,m,win), the automaton just follows the move
given by the input tree. Thus we add all transitions of the form

((i,m, lose),
(
v

0

)
, (i,Ωi(χ(v)), lose), q+),

((i,m, lose),
(
v

1

)
, q+, (i,Ωi(χ(v)), lose)),

((i,m,win),
(
v

0

)
, (i,Ωi(χ(v)),win), q+),

((i,m,win),
(
v

1

)
, q+, (i,Ωi(χ(v)),win)).

When guessing a subgame, the automaton non-deterministically guesses
whether it should continue guessing the subgame or whether it should start
to guess a strategy of the player who controls the current vertex. Thus we
add all transitions of the form

(q?,
(
v

∗

)
, q?, q+), (q?,

(
v

∗

)
, q+, q?),

(q?,
(
v

0

)
, (i,Ωi(χ(v)), lose), (i,Ωi(χ(v)), guess)),

(q?,
(
v

1

)
, (i,Ωi(χ(v)), guess), (i,Ωi(χ(v)), lose))

where v ∈ Vi. It may also be the case that the automaton needs to start
guessing a strategy from the initial state. Thus we also add all transitions
of the form

(q0,
(
v

0

)
, (i,Ωi(χ(v)), lose), (i,Ωi(χ(v)), guess)),

(q0,
(
v

1

)
, (i,Ωi(χ(v)), guess), (i,Ωi(χ(v)), lose))

where v ∈ Vi. If the automaton guesses a strategy of player i, it may guess
arbitrary moves at vertices controlled by player i, but it must follow the
move given by the input tree at vertices not controlled by player i. Thus we
add all transitions of the form

((i,m, guess),
(
v

∗

)
, (i,Ωi(χ(v)), guess), q+),

((i,m, guess),
(
v

∗

)
, q+, (i,Ωi(χ(v)), guess))
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where v ∈ Vi and

((i,m, guess),
(
v

0

)
, (i,Ωi(χ(v)), guess), q+),

((i,m, guess),
(
v

1

)
, q+, (i,Ωi(χ(v)), guess))

where v 6∈ Vi. If the automaton is in the accepting state q+, then it should
remain there. Thus we also add all transitions of the form

(q+,
(
v

∗

)
, q+, q+).

This completes the description of the transition relation ∆.
The priority Ω(q+) = Ω(q0) of the states q+ and q0 is 0, and the priority

Ω(q?) of the state q? is 1. Finally, the priority Ω((i,m, lose)) of a state
(i,m, lose) is m + 1, and the priority Ω((i,m,win)) = Ω((i,m, guess)) of a
state (i,m,win) or (i,m, guess) is m.

It remains to show that, for all strategy trees t(σi)i∈Π
of (G, v0) (where

v0 ∈ V is any initial vertex), we have t(σi)i∈Π
∈ T (A) if and only if (σi)i∈Π

is not a subgame perfect equilibrium of (G, v0) with payoff ≥ x and ≤ y.
(⇒) Assume t = t(σi)i∈Π

∈ T (A), i.e. there exists an accepting run s of
A on t. We distinguish the following three cases:

(1) If s(z) = (i,Ωi(χ(v0)), lose) and s(1− z) = q+ for some z ∈ {0, 1} and
some i ∈ Π, then xi = 1 and there exists a path π through s such that
s|π(k) = (i,Ωi(χ(ρ(k−1))), lose) for all 0 < k < ω where ρ = 〈(σj)j∈Π〉.
As s is accepting, the least priority occurring infinitely often in s|π is
even. Thus the least priority of player i occurring infinitely often in ρ
is odd, which implies that ρ is not won by player i. Hence the payoff
of (σi)i∈Π is not ≥ x.

(2) Analogously, if s(z) = (i,Ωi(χ(v0)),win) and s(1 − z) = q+ for some
z ∈ {0, 1} and some i ∈ Π, then yi = 0 and 〈(σj)j∈Π〉 is won by player
i. Hence the payoff of (σi)i∈Π is not ≤ y.

(3) Otherwise let w ∈ {0, 1}∗ be of maximal length with s(w) = q? or
s(w) = q0. As s(ε) = q0 and any path through s labelled only with q?
from some point onwards does not fulfil the parity condition, such a
w must exist. Let hv ∈ V ∗V be the corresponding history of (G, v0),
i.e. the elementwise projection of the word t(ε) . . . t(w) on the first
component. Then there must exist two paths π and π′ through s with
prefix w such that s|π(k) = (i,Ωi(χ(ρ(k − 1))), lose) and s|π′(k) =
(i,Ωi(χ(ρ′(k− 1))), guess) for all |w| < k < ω where ρ = h〈(σj |h)j∈Π〉v
and ρ′ = h〈(σj |h)j∈Π\{i}, σ

′|h〉v for some strategy σ′ of player i in G.
As s is accepting, the least priorities occurring infinitely often in s|π
and s|π′ , respectively, are even. Thus the play hρ′ is won by player i,
but hρ is not. Hence (σi|h)i∈Π is not a Nash equilibrium of (G|h, v).
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In all cases, we have that (σi)i∈Π is not a subgame perfect equilibrium of
(G, v0) with payoff ≥ x and ≤ y.

(⇐) Assume that (σi)i∈Π is not a subgame perfect equilibrium of (G, v0)
with payoff at least x and at most y, and let t = t(σi)i∈Π

. We distinguish the
following three cases.

(1) If there exists a player i ∈ Π such that xi = 1 but ρ = 〈(σj)j∈Π〉
is not won by player i, then we can define an accepting run s of A
on t as follows. Let s(z) = (i,Ωi(χ(v0)), lose) and s(1 − z) = q+ if
t(ε) =

(
v0

z

)
. By the definition of ∆, there is precisely one run s of A

on t with this property, and there is precisely one path π through s
that is not labelled with q+ from some point onwards, where s|π(k) =
(i,Ωi(χ(ρ(k − 1))), lose) for all 0 < k < ω. But this path also fulfils
the parity condition because the least priority of player i occurring
infinitely often in ρ is odd. Hence s is accepting.

(2) If there exists a player i ∈ Π such that yi = 0 but ρ = 〈(σj)j∈Π〉 is won
by player i, then we can define an accepting run s of A on t as follows.
Let s(z) = (i,Ωi(χ(v0)),win) and s(1− z) = q+ if t(ε) =

(
v0

z

)
. By the

definition of ∆, there is precisely one run s of A on t with this property,
and there is precisely one path π through s that is not labelled with q+
from some point onwards, where s|π(k) = (i,Ωi(χ(ρ(k − 1))),win) for
all 0 < k < ω. But this also path fulfils the parity condition because
the least priority of player i occurring infinitely often in ρ is even.
Hence s is accepting.

(3) If the requirements of (1) and (2) are not met, then (σi)i∈Π is not
a subgame perfect equilibrium of (G, v0) at all. Thus there exists a
history hv of (G, v0) and a strategy σ′ of some player i in G such that
ρ = 〈(σj |h)j∈Π〉v is not won by player i, but ρ′ = 〈(σj |h)j∈Π\{i}, σ

′|h〉v
is. Without loss of generality, let σ′(hv) 6= σi(hv). We define a path
π′ through t by π′(k) = 0 if and only if t(π′[0, k]0) =

(
(hρ′)(k+1)

0

)
or

t(π′[0, k]0) =
(
(hρ′)(k+1)

1

)
. Note that this implies that for all k < ω we

have t|π′(k) =
(
(hρ′)(k)

0

)
or t|π′(k) =

(
(hρ′)(k)

1

)
. Now we can define a run

s of A on t by s(ε) = q0, s|π′(k) = q? for all 0 < k ≤ |h| and s|π′(k) =
(i,Ωi(χ(hρ′(k − 1))), guess) for all |h| < k < ω. By the definition
of ∆, there is precisely one run s of A on t with this property, and
there is precisely one path π 6= π′ through s that is not labelled with
q+ from some point onwards, where s|π(k) = (i,Ωi(χ(ρ(k − 1))), lose)
for all |h| < k < ω. Both paths π and π′ fulfil the parity condition
because the least priority of player i occurring infinitely often in ρ is
odd, whereas the least priority of player i occurring infinitely often in
ρ′ is even.

In all cases, there exists an accepting run s of A on t. Hence t ∈ T (A).
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6.3 Putting It All Together

As regular tree languages are closed under complementation and intersec-
tion, we have that the set of all subgame perfect equilibria of a given finite
multiplayer parity game with a payoff between any two given thresholds is
regular. This allows us to infer the existence of a finite-state subgame perfect
equilibrium for all payoffs realised by a subgame perfect equilibrium.

Theorem 6.15. For any initialised finite multiplayer parity game (G, v0)
and any two payoff thresholds x, y ∈ {0, 1}Π, the set of all trees t ∈ T ω

V ×{0,1}
such that t = t(σi)i∈Π

for a subgame perfect equilibrium (σi)i∈Π of (G, v0)
with payoff at least x and at most y is regular.

Proof. By Lemma 6.13 and Lemma 6.14, for any t ∈ T ω
V ×{0,1}, we have

t = t(σi)i∈Π
for a subgame perfect equilibrium (σi)i∈Π of (G, v0) with payoff

at least x and at most y if and only if t ∈ T (AG,v0)∩ (T ω
V ×{0,1} \ T (AG,x,y)).

Thus the claim follows from the closure of regular tree languages under com-
plementation and intersection (the latter following from the closure under
complementation and union).

We say that x ∈ {0, 1}k is a subgame perfect payoff of a game (G, v0) if
(G, v0) has a subgame perfect equilibrium with payoff x.

Corollary 6.16. For any initialised finite multiplayer parity game (G, v0)
and any subgame perfect payoff x of (G, v0), (G, v0) has a finite-state subgame
perfect equilibrium with payoff x.

Proof. Let G = (Π, V, (Vi)i∈Π, E, χ, (Ωi)i∈Π) and assume that (G, v0) has a
subgame perfect equilibrium with payoff x. By Theorem 6.15, the set of
all strategy trees t(σi)i∈Π

where (σi)i∈Π is a subgame perfect equilibrium of
(G, v0) with payoff x is regular. Moreover, this set is non-empty because
(G, v0) has a subgame perfect equilibrium with payoff x. By Theorem 6.11,
this implies that there exists a regular strategy tree t = t(σi)i∈Π

where (σi)i∈Π

is a subgame perfect equilibrium of (G, v0) with payoff x. Let R be a subtree
representative system of t, i.e. a set R ⊆ {0, 1}∗ such that t|r 6= t|s for all
r 6= s ∈ R and for all w ∈ {0, 1}∗ there exists r ∈ R with t|w = t|r. For
each w ∈ {0, 1}∗ we denote the unique r ∈ R with t|w = t|r by w. As t is
regular, R is finite. For each player i ∈ Π, we define a strategy automaton
Ai = (R, ε, δ, τ) of player i in G by

δ(r, v) =

{
r0 if v = min(uE),
r1 otherwise

where u ∈ V is the unique vertex with t(r) =
(
u
0

)
or t(r) =

(
u
1

)
. The output

function is defined by

τ(r, v) =

{
min(vE) if t(r0) =

(
v
0

)
or t(r1) =

(
v
0

)
,

max(vE) otherwise.
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It is straightforward to verify that t = t(σAi
)i∈Π

. Hence (σAi)i∈Π is a finite-
state subgame perfect equilibrium of (G, v0) with payoff x.

As any multiplayer MSO-game reduces finitely to a multiplayer parity
game, the corollary generalises to multiplayer MSO-games.

Corollary 6.17. For any initialised finite multiplayer MSO-game (G, v0)
and any subgame perfect payoff x of (G, v0), (G, v0) has a finite-state subgame
perfect equilibrium with payoff x.

Proof. This is a direct consequence of Corollary 6.16 together with Claim
5.17 and Lemma 4.11.

Using the algorithms we have for parity tree automata, we can now give
a solution to our decision problem.

Theorem 6.18. The subgame perfect equilibrium threshold problem for fi-
nite multiplayer parity games is in Exptime. For classes of finite multi-
player parity games with a bounded number of players and priorities, the
problem is in P.

Proof. Let G = (Π, V, (Vi)i∈Π, E, χ, (Ωi)i∈Π) be a finite multiplayer parity
game, let k = |Π|, and let d be the maximal number of different priorities for
each player. We need to decide whether the tree language T := T (AG,v0) ∩
(T ω

V ×{0,1} \T (AG,x,y)) is non-empty. Towards this, we construct the two tree
automata AG,v0 and AG,x,y. We deploy Theorem 6.6 to construct from AG,x,y

a tree automaton ĀG,x,y with 2O(kd2 log kd) states and O(kd2) priorities such
that T (ĀG,x,y) = T ω

V ×{0,1}\T (AG,x,y). Finally, we use a product construction
to construct a parity tree automaton A with T (A) = T . A has states
(q1, q2) where q1 is a state of AG,v0 and q2 is a state of ĀG,x,y, and there is a
transition ((q1, q2), a, (p1

0, p
2
0), (p1

1, p
2
1)) if there is a transition (q1, a, p1

0, p
1
1) in

AG,v0 and a transition (q2, a, p2
0, p

2
1) in ĀG,x,y. The priority of a state (q1, q2)

is simply the priority of the state q2 in ĀG,x,y. It is easy to see that there is an
accepting run of A on a tree t ∈ T ω

V ×{0,1} if and only if there is a run of AG,v0

on t and an accepting run of ĀG,x,y on t. As every run of AG,v0 is accepting,
this implies that T (A) = T . Note that A has O(|V |) ·2O(kd2 log kd) states and
O(kd2) priorities. By Theorem 6.9, we can check whether T (A) 6= ∅ in time
polynomial in the number of states of A and exponential in the number of
priorities. Thus our algorithm works in exponential time in general and in
polynomial time for bounded k and d.

Now we deploy the previously presented reductions to show decidability
of the subgame perfect equilibrium threshold problem for more games.

Corollary 6.19. The subgame perfect equilibrium threshold problem for fi-
nite multiplayer reachability or safety games is in Exptime. For classes of
these games with a bounded number of players, the problem is in P.
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Proof. By Claim 4.12, any multiplayer reachability or safety game reduces
finitely to a multiplayer Büchi game with the same set of players and ex-
ponentially many vertices only in the number of players. Thus the claim
follows from Theorem 6.18.

Corollary 6.20. The subgame perfect equilibrium threshold problem is de-
cidable for finite multiplayer MSO-games. The problem is in 2Exptime for
finite multiplayer LTL-games.

Proof. By Claim 5.17, every finite multiplayer MSO-game reduces finitely
to a multiplayer parity game. Thus decidability follows from Theorem 6.18.
Using Corollary 5.16, we can reduce a finite multiplayer LTL-game G =
(Π, V, (Vi)i∈Π, E, χ, (ϕi)i∈Π) to a finite multiplayer parity game G′ with |V | ·
22O(|Π|max |ϕi|) vertices and at most 2O(max |ϕi|) priorities for each player. As
the algorithm sketched in the proof of Theorem 6.18 needs exponential time
only in the number of players and priorities, the claim for multiplayer LTL-
games follows.

6.4 Complexity

Our algorithm exhibits upper bounds for the complexity of the subgame
perfect equilibrium threshold problem. A general lower bound is P, as the
problem of deciding the winner in a finite two-player zero-sum reachability
game is already P-hard. As every two-player zero-sum reachability game is
also a safety game, the result holds for safety games as well.

Theorem 6.21. The decision problem, given an initialised finite two-player
zero-sum reachability game, decide whether player 0 has a winning strategy,
is P-complete.

Proof. It is well-known that the problem is in P (see for example [GTW02,
Chapter 2]). On the other hand, it is easy to see that there is a logspace
reduction from the problem of deciding, given a monotone Boolean circuit
C and inputs x1, . . . , xn, whether C(x1, . . . , xn) = 1, which is known to be
P-complete.

Corollary 6.22. The subgame perfect equilibrium threshold problem for fi-
nite two-player zero-sum reachability games is P-complete.

Proof. By Corollary 6.19, the problem is in P. By Theorem 4.7, every reach-
ability game has a subgame perfect equilibrium. Together with the zero-sum
condition, this implies that player 0 has a winning strategy in a two-player
zero-sum reachability game (G, v0) if and only if (G, v0) has a subgame per-
fect equilibrium with payoff (1, 0). This yields a logspace reduction from the
problem of deciding whether player 0 has a winning strategy in a two-player
zero-sum reachability game to the subgame perfect equilibrium threshold
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problem for two-player zero-sum reachability games. By Theorem 6.21, the
former problem is P-complete.

As reachability games easily reduce to Büchi games, we can conclude
that the subgame perfect equilibrium threshold problem is also P-complete
for two-player zero-sum Büchi games (or equivalently two-player zero-sum
co-Büchi games).

Corollary 6.23. The subgame perfect equilibrium threshold problem for fi-
nite two-player zero-sum Büchi games is P-complete.

Proof. By Theorem 6.18, the problem is in P. On the other hand, the game
reduction from Claim 4.12 gives a logspace reduction from the subgame
perfect equilibrium threshold problem for finite two-player zero-sum reacha-
bility games for reachability games to the same problem for finite two-player
zero-sum Büchi games.

It follows that (for any d ≥ 2) the subgame perfect equilibrium threshold
problem for finite two-player zero-sum parity games with at most d different
priorities is also P-complete. For two-player zero-sum parity games with an
unbounded number of priorities, we do not know whether the problem is in
P, but we do have an NP ∩ co-NP upper bound.

Corollary 6.24. The subgame perfect equilibrium threshold problem for fi-
nite two-player zero-sum parity games is in NP ∩ co-NP.

Proof. Let (G, v0) be a finite two-player zero-sum parity game, and let x, y ∈
{0, 1}. The only non-trivial cases for the subgame perfect equilibrium thres-
hold problem are x = y = (1, 0) and x = y = (0, 1). By Theorem 4.7 and the
zero-sum condition, (G, v0) has a subgame perfect equilibrium with payoff
(1− i, i) if and only player i has a winning strategy in (G, v0). By Corollary
4.14, this can be decided in NP ∩ co-NP.

For finite two-player zero-sum LTL-games, we can use the following result
due to Pnueli and Rosner [PR90] to show 2Exptime-completeness of the
subgame perfect equilibrium threshold problem.

Theorem 6.25 (Pnueli, Rosner). The decision problem, given an initialised
finite two-player zero-sum LTL-game, decide whether player 0 has a winning
strategy, is 2Exptime-complete.

Corollary 6.26. The subgame perfect equilibrium threshold problem for fi-
nite two-player zero-sum LTL-games is 2Exptime-complete.

Proof. The proof is analogous to the proof of Corollary 6.22, replacing P by
2Exptime, Corollary 6.19 by Corollary 6.20 and Theorem 6.21 by Theorem
6.25.



70 6 Decision Problems

Finally, we turn to MSO-games, where we show a non-elementary lower
bound for the subgame perfect equilibrium threshold problem. The lower
bound originates in the following theorem due to Meyer [Mey75].

Theorem 6.27 (Meyer). The decision problem, given an MSO-sentence ϕ
over the signature {<}, decide whether (ω,<) |= ϕ, is not elementary.

Corollary 6.28. The subgame perfect equilibrium threshold problem for fi-
nite one-player MSO-games is not elementary.

Proof. Given an MSO-sentence ϕ over {<}, let Gϕ be the one-player game
with one vertex 0, one edge (0, 0) and winning condition ϕ. Note that
Gϕ can be constructed from ϕ in linear time. Then (ω,<) |= ϕ if and
only if the unique play of (Gϕ, 0) is won by the sole player if and only if
(Gϕ, 0) has a subgame perfect equilibrium with payoff 1. Thus we have
a linear-time reduction from the problem of deciding (ω,<) |= ϕ to the
subgame perfect equilibrium threshold problem for one-player MSO-games.
By Theorem 6.27, the former problem is not elementary.

Parity,Reachability/
No. priorities ParitySafety

bounded
No. players
unbounded

Exptime Exptime Exptime

No. players
bounded

P-complete P-complete Exptime

Two-player
zero-sum

P-complete P-complete NP ∩ co-NP

LTL/MSO,
Formula LTL MSO
bounded

No. players 2Exptime-
unbounded

Exptime
complete

non-elementary

No. players 2Exptime-
bounded

P-complete
complete

non-elementary

Two-player 2Exptime-
zero-sum

P-complete
complete

non-elementary

Table 6.1: Complexity of the subgame perfect equilibrium threshold problem

Table 6.1 summarises the complexity of the subgame perfect equilib-
rium threshold problem for various classes of games. What remains open
is the exact complexity of the problem for multiplayer parity games with



6.4 Complexity 71

a bounded number of players but with an unbounded number of priorities
and the complexity of the problem for games with an unbounded number
of players. As an indication that the latter problem is substantially harder
than the corresponding problem for games with a bounded number of play-
ers, we show that the problem is at least NP-hard for reachability games.
Moreover, this already holds for the subproblem where the upper payoff
threshold is trivial and for the corresponding problem for Nash equilibria.
The reduction is based on a similar reduction from [CJM04].

Proposition 6.29. The decision problem, given an initialised multiplayer
reachability game (G, v0) and a payoff threshold x ∈ {0, 1}k, decide whether G
has a Nash (subgame perfect) equilibrium with payoff at least x, is NP-hard.

Proof. We give a polynomial-time reduction from SAT, the problem of de-
ciding whether a given Boolean formula in conjunctive normal form is sat-
isfiable, to our problem. As SAT is well known to be NP-complete, this
proves the claim. Given a Boolean formula α with clauses C1, . . . , Ck over
the propositional variables X1, . . . , Xm, we construct a multiplayer reach-
ability game Gα as follows. The game is played by players 0, . . . ,m where
player 0 is the only player making non-trivial moves. The arena of Gα has
vertex set {0}∪{Xj ,¬Xj , j : j = 1, . . . ,m} where there are edges from j−1
to Xj and ¬Xj , from Xj and ¬Xj to j and from m back to m. The resulting
graph is depicted in Figure 6.3. Every vertex is controlled by player 0. The
winning condition of any player i 6= 0 is given by the clause Ci, i.e. player i
wins if a literal Xj or ¬Xj occurring in the clause Ci is reached. Player 0
wins every play of Gα. Clearly, Gα can be constructed from α in polynomial
time. We show that (Gα, 0) has a Nash (subgame perfect) equilibrium with
payoff (at least) (1, . . . , 1) if and only if α is satisfiable.

(⇒) Assume (Gα, 0) has a subgame perfect equilibrium where every
player wins, and let π be the equilibrium play. Then the interpretation
I : {X1, . . . , Xm} → {0, 1} defined by I(Xj) = 1 if and only if Xj occurs in
π satisfies α because for any clause Ci, as π is won by player i, there exists
a literal Xj or ¬Xj occurring in Ci that also occurs in π, and hence we have
I(Xj) = 1 or I(Xj) = 0, respectively, which shows that the clause Ci is
satisfied by I.

(⇐) Assume that α is satisfiable, and let I be a satisfying interpretation.
Then the strategy of player 0 to move from vertex j − 1 to vertex Xj if
I(Xj) = 1 and to vertex ¬Xj otherwise generates a play π in (Gα, 0) won by
every player because for each clause Ci there must be a literal Xj or ¬Xj

occurring in Ci with I(Xj) = 1 or I(Xj) = 0, respectively, which implies
that this literal occurs in π. As any strategy profile with payoff (1, . . . , 1)
is also a Nash (subgame perfect) equilibrium, this shows that (Gα, 0) has a
Nash (subgame perfect) equilibrium with payoff (1, . . . , 1).
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