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Exercise 1 10 Points

In this excercise we consider reversible gates for classical computations.

(a) Give a complete description of all functions f : {0, 1}3 → {0, 1} such that the function
(x, y, z) 7→ (x, y, f(x, y, z)) is reversible.

(b) Construct a reversible version of a two-bit adder (i.e. a(x, y) = (x⊕y, xy)) using controlled
negation and Toffoli gates.
Hint: First find a suitable function g(x, y) such that a′(x, y) = (g(x, y), x ⊕ y, xy) is
injective. Then implement a′ with the help of additional (constant) input bits.

(c) The gate F : {0, 1}3 → {0, 1}3 is given by (x, y, z) 7→
{

(x, y, z) , if x = 1
(x, z, y) , else

Show that {F} is universal for reversible computation.

Exercise 2 10 Points

(a) Consider the branching gate B from the lecture.

1 •

x •

0 ⊕

We have seen that B can be used to copy classical bits. What is computed by B if the
input x is an arbitrary qubit?

(b) The No-Cloning Theorem states that there is no unitary U such that, for some fixed
|ϕ〉 ∈ H2 and all |ψ〉 ∈ H2

U |ψ〉 |ϕ〉 = |ψ〉 |ψ〉 .

Show that, in fact, for all U and |ϕ〉 the following is true: if for |ψ〉 6= |γ〉 with

U |ψ〉 |ϕ〉 = |ψ〉 |ψ〉 and
U |γ〉 |ϕ〉 = |γ〉 |γ〉

then |ψ〉 and |γ〉 must be orthogonal.
Hint: use that 〈ϑ⊗ ν | ϑ′ ⊗ ν ′〉 = 〈ϑ | ϑ′〉〈ν | ν ′〉.

http://logic.rwth-aachen.de/Teaching/QC-SS15/



Exercise 3 5 Points

Prove that any unitary matrix U ∈ Cn×n has a square root, that means, there is a unitary
matrix V such that V · V = U .
Hint: Recall that by the spectral theorem from linear algebra U is diagonalizable via a basis-
transformation to an orthonormal basis of Cn, consisting of eigenvectors of U .

http://logic.rwth-aachen.de/Teaching/QC-SS15/


