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Exercise 1 5 Points

Provide a decomposition of the following transformation into a product of unitary matrices that
operate non-trivially only on a two-dimensional subspace of H4.

1
2


1 1 1 1
1 i −1 −i
1 −1 1 −1
1 −i −1 i


Exercise 2 10 Points

(a) Show that no classical gate is universal for quantum computing.

(b) Show that there is no one-qubit universal gate.

(c) Show that for any d > 2 there exists a d×d unitary matrix U which cannot be decomposed
as a product of fewer than d − 1 unitary matrices that operate non-trivially only on a
two-dimensional subspace of Hd.

Note that a set Ω of quantum gates is universal if any unitary transformation can be approxi-
mated to arbitrary precision using only gates from Ω.

Exercise 3 10 Points

Let ϕ0 = απ for some α ∈ R \Q, 0 < α < 1. Show that any gate

Uϕ =
(
eiϕ 0
0 1

)

can be implemented with arbitrary precision ε using O(1
ε ) copies of a single gate Uϕ0 .

Hint: First show Dirichlet’s approximation theorem: For any number x ∈ R \ Q and every
natural number n, there exist p, q ∈ Z, 1 ≤ q ≤ n, such that

0 < |qx− p| ≤ 1
n+ 1 .
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