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Exercise 1 5 Points

Find a number m < 22" such that, for any function f : {0,1}" — {0,1} with |[{z € {0,1}" |
f(x) = 1}|, a value y with f(y) =1 can be found by a single application of the Grover operator
with probability 1.

Exercise 2 10 Points

Let F be a family of functions F : {0,1}" — {0, 1}. A heuristic is a function G : F xR — {0,1}",
for an appropriate finite set R.

For every function F' € F,let hp = |{r € R| F(G(F,r)) = 1}|.

Let F' € F be a search problem chosen according to some probability distribution, and let G
be a heuristic such that a value y with F(y) = 1 is found in expected time 7" when choosing
r € R uniformly at random. Combine Grover’s search algorithm with the heuristic to prove that
there is a quantum algorithm that finds such a y in expected time O(v/T).

Exercise 3 10 Points

In this exercise, we develop a search algorithm for an unknown number of solutions.
In the following, let f : {0,1}" — {0,1} with m = |[{z € {0,1}" | f(z) = 1}| < 22", and
m

choose Y such that sin®Jy = it

(a) Determine the probability of finding some y with f(y) = 1 with r applications of the Grover
operator if r € [0,k — 1] is chosen uniformly. You may use the fact that for any real o and
any positive integer k,
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(You may also prove that fact and get two extra points.)

(b) Show that if k& > m, then %ﬁ% < %, and conclude that in this case, a solution is

. . . 1
found in r steps with probability > 7.

(c) Describe an algorithm that, given a QGA Uy for a function f as defined above, determines
a y with f(y) = 1 with probability > i using Uy only O(v/2") times. In the analysis of your
algorithm, consider the cases m < %2” and m > %2" separately.
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