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1 Introduction

This seminar is based on [1]. We will create a new characterization of the W-hierarchy and the A-
hierarchy based on weighted satisfiability problems of certain fragments of propositional logic. Using this
characterization, we can then prove further relations between the two hierarchies and even introduce new
complexity classes that are interesting on their own.

2 The W-Hierarchy and Propositional Logic

We will start with a reminder on some important definitions.



Definition 1 Fort > 0 and d > 1 we will inductively define the classes I'y g and Ay g by

Loag={MA...AX|ce[l,d],N\ literal for all i € [1,¢]}
Aog ={M V...V A|ce[l,d],N literal for all i € [1,c]}
i1 :={ /\ di | neN, 6 € Ay g foralli € [1,n]}
1€[1,n]

A1, :={ \/ di|neN,6; €l q forallie [1,n]}
1€[1,n]

A formula ¢ is called positive, if it does not contain any negation symbols and is called negative, if
it 1s in negation normal form and there is a negation symbol in front of every variable. For a class A of
propositional formulas AT denotes the class of all positive formulas in A and A~ denotes the class of all
negative formulas in A. We will denote the class of all propositional formulas by PROP.

Here, d denotes the size of the underlying conjunction (disjunction respectively) and ¢ denotes the
number of alternations between conjunctions and disjunctions. Note that we do not restrict the size of
the conjunction (disjunction) on any level greater than zero.

Ezample 2:
o I'y1 (Ag,) is the class of all formulas in CNF (DNF)

o I'1 4 (Ay,q) is the class of all formulas in d-CNF (d-DNF)
« pr1=((XAY)V(XAZ)A((AAB)V(ANC)) €T3,
o o= (("X V=Y)A (=X V=2)) V ((-AV =B) A (FAV =0)) € Agy

The classes are defined purely by syntactical properties. In the example above, we have -9 & F2+, 9
since it contains negation symbols but it is equivalent to a formula in FZQ as we have =y = 1.

In this first section, we will show an important characterization of the classes W[t| using only propo-
sitional logic. Remember that the class W[t] is defined over the weighted Fagin-defineability of first order
formulas. We will show that this class can be expressed using a parameterized weighted satisfiability
problem of certain fragments of PROP. Let © be a fragment of PROP. The parameterized weighted
satisfiability problem of © is the following decision problem:

p-WSAT(0):

Input: a€B0,keN

Parameter: £k

Question: Decide whether « is k-satisfiable

Le., we are looking for an assignment of a formula « € © such that exactly k variables are set to true and
the rest is set to false. The main theorem of this section reads as follows.

Theorem 3 For every t > 1, the following problems are W{t]-complete.
1. p—WSAT(FZ'l) if t is even and p-WSAT (L', 1) if t is odd.
2. p-WSAT(Asi1,4) for every d > 1.



Therefore, we have the following characterization of W[t] for all t > 1:
WIt] = [{p-WSAT(Tyq U Arg) | d > 1}]

Note how the parameter ¢ is used here. On one side, it is used in the definition of the class W[t] for the
amount of quantifier alternations in first order formulas. On the other side, it is used for the amount of
boolean connectives alternations in propositional formulas. The proof for the simple case of t = 1 can be
found in [1], here we will prove the more interesting part of ¢ > 2. This will be done using the following
series of lemmas. Most of them will differentiate between the parity of ¢. For simplicity, we will always
only prove one of the statements. The other part is completely analogous if not stated otherwise.

Lemma 4 Let t > 1. For every Il;-formula ¢(X) there is a d > 1 such that

p-WD,, <™P* p-WSAT(T; 4)

Proof. We will extend the proof for the simple case of ¢ = 1 from [1] in the obvious way. There, we had
a I;-formula and showed that p-WD,, <t p-WSAT(d-CNF) = p-WSAT(T';4) holds. Now we want to
increase this statement to arbitrary ¢ > 1. Let t > 1 be an even number. Since ¢ is even, we will assume
that the quantifier free part of ¢ is in DNF, so that ¢ has the form:

P(X) =139 - V5,135 | \ M
i€l jeJ

with literals \; ;. We set d = max{2, |J|} and create a reduction from p-WD,, to p-WSAT(I'; 4). For every
T-structure 2 we will introduce a I'; g-formula o such that for all k£ € N we have:

(2, k) € p-WD,, <= « is k-satisfiable

We will use propositional variables Yz to describe whether @ is in the relation X. Additionally, we
have to map the preceding quantifiers to the corresponding boolean operators. An J-quantifier maps
to a disjunction and an V-quantifier maps to a conjunction over the whole corresponding universe. The
resulting formula o = (%, ) looks as follows:

o= /\ \/ \/ Yi,a1,...,a

a1€AlV1l gaeAlval arc Alvtl
i€l

Here, 7;a,,...a, is a conjunction that describes the evaluation of 2 on the literals, while replacing the
X-literals with the corresponding new boolean variables Y. To be precise, v; g, ..., is the conjunction
obtained from Ajc ;A ; as follows:

* Replace Literals (—)Xuye, ...ye, by (7)Ya,,..ap,

o If \;; does not contain the relation variable X, then we can evaluate whether we have A =
Xij(@i,...,a;) and thus ignore A, ; if A = X\;;(a@i,...,a), and omit v;5, .z completely if 2 b=
)\i,j(al, ... ,at).

Using this reduction we will result with a formula a with |a| € O(|AJ* - |¢]). Now, for arbitrary S C A*
one can easily verify that we have

A= o(S) < {Yz | a € S} satisfies «



and this directly implies our desired equivalence. In order to ensure that all of the variables really occur
in o/ we append a tautology that contains all variables:

o =an N\ (YaVv-Ym) O
acAk

Let us look at an example for this reduction.

Ezxample 5:

Consider the Ilp-formula ds(X) := Vz3y (Xy A (Eyx V x = y)) that describes whether X is a dominating
set. This formula is equivalent to Vz3y ((Xy A Eyx) V (Xy Az = y)), where the quantifier free part is in
DNF. Additionally, we consider the following graph G:

Here, we have to use the propositional variables Y,, Y, and Y, since our relation X has arity 1. The
variable Y, is true if and only if @ € X. Our final formula has the form A,cf 1 Viue{apey ¢ because
we translated the V-quantifier to a conjunction over all elements and the J-quantifier to a disjunction
over all elements of the corresponding universe, which is {a, b, ¢} in our case. The transformation for the
quantifier free part tries to evaluate a literal with a fixed assignment for the variables. For example, the
conjunction Xy A Eyx together with the assignment Z(z) := a and Z(y) = b, gets transformed to Y.
Here, Xy can be replaced with Y} since we have Z(y) = b and Eyz can be removed since the structure
G together with the assignment Z satisfies the literal, namely the node a and the node b are adjacent.
Satisfying the literal means that we can replace it with 1 and finally we get Y, A 1 = Y;. In the end, we
would receive a = (Y, VYY) A (Yo VY VYL) A (Y, VYe) as our final formula.

There exists a straightforward proof to show that p-WSAT (I'; ;) € W[t], but we opt for another way,
that reveals more information about the hierarchy in general. Therefore, we will first prove the following
lemma about propositional normalization and then show that p-WSAT (A, 4) is contained in W[t]. The
lemma about Propositional Normalization shows that the reduction of parameter d, namely the size of
our underlying conjunction/disjunction, to 1 for the weighted satisfiability problem is fixed-parameter
tractable. Additionally, we can also reduce to only positive/negative formulas based on the parity of ¢.

Lemma 6 (Propositional Normalization) Let d > 1.

1. If t > 1 is an even number, then p-WSAT(Ayy14) <™ p—WSAT(A;/:Ll) and p-WSAT (T 4) <Pt
p-WSAT(T'f))

2. Ift > 1 is an odd number, then p-WSAT(A;114) <P p-WSAT (A1 ;1) and p-WSAT(I'; ) <frt
p-WSAT(T';)

Proof. We will show that for all even ¢t > 1 we have p-WSAT(I';,) <t p-WSAT(I‘;f 1)- In order to
prove this, it is enough to prove that for all d > 1 we have p-WSAT(I';4) <t p-WSAT(I'},) and
p-WSAT(T'})) <fPt b-WSAT(T';1) then we can build the following chain of fpt-reductions:

p-WSAT(T'y,q) <™ p-WSAT(I'f,) <P* p-WSAT(I';;) <* p-WSAT(T}))



We will start by proving that p-WSAT(I';4) <™ p-WSAT(I'}";) holds. Let (a,k) be an instance of
p-WSAT(I'; 4) and let Xy,..., X, be the variables of a. We will fix some ordering on the variables and
introduce variables X; ; and Y; ;  with the intended meaning:

o X is true :& the i-th variable set to true is X

i,j,j/ 1s true :& the i-th variable set to true is X; and the (i + 1)-th is Xj.
The newly created variables X; ; precisely describe which of the variables in our inital formula are set
to true and the newly created variables Y; ; ; describe the distance between those that are set to true.
To express a negative literal =X positively, we can now say that X is strictly between two successive
variables that are set to true (or strictly before the first or after the last variable set to true).

To ensure that our variables have the intended meaning, we use the following construction. Let
Z1,..., 2y be disjoint nonempty sets of propositional variables. We define a formula 3= that is satisfied
by an assignment of weight m if and only if exactly one variable of each set Z; is set to true.

bz= N V 2

ie[l,m] ZeZl

One can see that Sz € I'j ;. We will group the new variables into the nonempty sets X; == {X; ; | j € [1,n]}
for i € [1,k] and ); :=={Y; ;| 1 < j <j <n} forie [1,k—1] and introduce formulas S, ..., By_1 such
that any assignment of weight (2k — 1) satisfying 5 = 6;5 NP1 A .. A Br—1 and setting Xy 4,,..., Xk,
to true must set Y, ¢, ..., Yi—1,4,_, ¢, to true. This would mean that our variables have the intended
meaning. For this we set

Bi= N V X VYAV (X VYi)
jeln] \ 1<i1<ja<n 1<j1<ja<n
n#j J2#J

Intuitively speaking, this formula states that either X; ; is true or some Y; j, ;, with j # j; and it states
that either X1 ; is true or some Y;11 j, j, with j # jo.

Let us now prove that this construction is indeed correct. Consider a satisfying assignment of 5 of
weight (2k — 1). Since it satisfies 5;5 it sets exactly one variable in each X; and one variable in each );
to true. Let X;, be the unique variable in each X; set to true. Now, fix ¢ and let Y; ¢ ,, be the unique
variable of ); set to true. If £ # {;, then in (; the first conjunct would not be satisfied. Similarly, if
m # f;11 then the second conjunct would not be satisfied. Note that all of the ; are equivalent to a F;’ 1
formula and thus 8 is as well, as a conjunction of several I'; 4 formulas is still in I'; 4.

A formula that expresses that X is either smaller (with respect to the ordering of the variables of «
by their indices) than the first variable set to true or between two successive variables set to true or after
the last variable set to true, is the following formula «y; € Afl

=V Xigv| V Vo Y [V Xy

j’e[l,n} i€[1,k—1] j’,j”e[l,n] j’e[l,n}
J<J’ J'<g<g” J'<y

Now let o’ be the formula obtained from a € I'; 4 by replacing all negative literals —=X; with ~; and
all positive literals X; by \/ie[l’k} X j. These are all Ail formulas, so we can apply the distributive law



to get a resulting formula in de. Thus we have o/ A B € F;rd because o’ € de and § € F;l C F;rd. By
our previous analysis, we now have

« is k-satisfiable <= (o’ A B) is (2k — 1)-satisfiable

Let us come to the second part of this proof, namely p-WSAT(T'},) <Pt p-WSAT(I';;). Fix d > 1.
Since t is even, we use conjunctions consisting of d variables in the Vunderlying formulas. The idea of
this reduction consists of replacing these conjunctions by single variables for the corresponding set of
occurring variables. Let (o, k) be an instance of p-WSAT(I'))) and let X be the set of variables in a. For
every nonempty subset ) C X of cardinality at most d we introduce a new variable Sy (The number of
different variables is bounded by |X|¢ < |a|?). The formula

Bset = N\ (Sy(—> A X) = A ((Sy\/ \/ ﬂX) /\(/\ (ﬂSva)))
Q);éyCdX Xey 0%}){;;( Xey Xey

VI<

sets the values of the variables correctly and one can see that it is equivalent to a I'y j-formula. Let ag
be the formula obtained from a by replacing every underlying conjunction (X1 A... A X;) by S¢x, . x,1-
Clearly, o == (ap A Bset) is equivalent to a I'; j-formula. Furthermore, let m be the number of nonempty
subsets of cardinality < d of a set of k elements, that is m =S¢, (’;) We obtain the desired reduction
by showing that

a is k-satisfiable <= o’ is (k + m)-satisfiable

Assume that we have an assignment of weight k satisfying « that sets X1, ..., Xi to true. Its extension
that sets exactly the variables Sy of o/, where ) is a nonempty subset of {X1,..., X} to true is a weight
k 4+ m assignment satisfying o/. Conversely, the formula S enforces that an assignment of weight k +m
satisfying o/ must set exactly k variables in X’ to true, hence its restriction to the variables in X is a
weight k assignment satisfying a. O

Now, we have proven that all of these classes are W[t]-hard under fpt-reductions. Let us now prove
that they are contained in W[t] as well.

Lemma 7 For every t > 1, we have p-WSAT (Ay41.4) € W],

Proof. By the propositional normalization lemma it suffices to show that p-WSAT (A}, 11.1) € W[t] for ¢
even and p-WSAT(A, ;) € W[t] for t odd. We will once again only consider the case for ¢ even. In
order to show, that a problem is contained in W([t], we have to give a fpt-reduction to the weighted Fagin-
defineability problem of a Y, 1-sentence. Let o € A}, +1.1- The parse tree of a formula « is defined as the
derivation tree of the syntax of the formula. For example, consider the formula ¢ := (X AY)V Z. Then
we have the following parse tree:

(V)



In the parse tree of «, all variables have distance ¢ + 1 from the root. Consider the directed graph
G = (G, EY) obtained from the parse tree by identifying all leaves corresponding to the same variable in
one node. We direct the edges top-down as you can see in the example parse tree above. Let ROOT and
LITERAL be unary relation symbols. Let ROOTY just contain the root, and let LITERALY be the
set of nodes corresponding to the literals. We introduce a ¥;;-sentence ¢(X) with a set variable X such
that for any £ > 1 we have

a is k-satisfiable <= (G,ROOTY, LITERALY) = ©(S) for some S C G with |S| = k
In particular, we even have for all k£ > 1 and any variables Y7,... Y} of a:
{V1,...Y}} satisfies @ <= (G, ROOTY, LITERALY) = o({Y1,...Y:})

Our desired formula ¢(X) simply mimics the recursive definition of the satisfaction relation of Az:q,l‘
formulas. Conjunctions will be mapped to 3-quantifiers and disjunctions to V-quantifiers. I.e., we can use
©(X) as a X1 1-sentence equivalent to

Vz(Xz — LITERALZz) A
Jyo(ROOTyo A Fy1 (Eyoyr AVy2(Eyiye — .. = 1 (BEyiyer1 A Xyir1) ---)) O
Now, we can finally prove our main theorem.

Proof of Theorem 3. We have F:f 1 € Aypqq and 'y C A¢11,4. Therefore, all of the problems mentioned
in the theorem are contained in W[t] by Lemma 7. If ¢ is even, then every parameterized problem p-WD,,
with a II;-formula ¢ is reducible to p—WSAT(F;f 1) by Lemma 4 and the propositional normalization lemma
6. This shows that p—WSAT(I‘tfl) and thus also p-WSAT(A¢y1,4) is W([t]-hard. O

We can also use a slightly modified version of the proof of lemma 7 in order to prove another im-
portant relation between the A- and W-hierarchy. Remember that the A-hierarchy is defined using the
parameterized model-checking problem for first order formulas. This relation is expressed by the following
lemma.

Lemma 8 For every t > 1 and d > 1, we have p-WSAT(Ayy1.4) <Pt p-MC(Xy).

Proof. Again, we only have to show that p-WSAT (A} +171) <fPt p-MC(X;) by propositional normaliza-
tion. We will use the notation from the previous proof and construct for a given o € Azr 1,1 the structure

(G, E9, ROOTY, LITERALY) and the formula ¢(X) that mimics the recursive definition of the satisfac-
tion relation of Af, +1,1-formulas. Now we can replace the set variable X by individual variables x1, ...,z
and call this new formula . It has the form:

Y(a1,...,2) = [\ LITERALz; A
1€[1,k]

Fyo(ROOTyo A Iy1 (Eyoyr AVya(Eyiya — .. = Vye(Byemye —  \/ Ews) . ..))
1€[1,k]

Then we have

« is k-satisfiable < (G, ROOTg,LITERALg) E ¢(zy,...,z) for some distinct z1,...,2, € G



We can 1) easily extend so that we get a formula 1)’ of the desired form that ensures that there are k
distinct variables satisfying 1. Then we finally have

o is k-satisfiable < (G, ROOTY, LITERALY) = ¢/ O

This reduction directly shows that the class W[t] is contained in Alt].

Corollary 9 For every t > 1, we have W[t] C Alt].

3 The A-Hierarchy and Propositional Logic

We also want to create a classification for the A-hierarchy in terms of a weighted satisfiability problem
of certain fragments of PROP. When translating the model-checking problem for ¥, into a weighted
satisfiability problem for a class of propositional formulas we have to somehow express the unbounded
blocks of quantifiers dx ... dzg. We will represent such a block using an assignment of weight k. So that
the quantifier alternations can be represented by assignments and not by the formula itself. This will be
represented by an alternating satisfiability problem for classes of propositional logic. Again, let © be a
fragment of PROP. The parameterized alternating weighted satisfiability problem of © is the following
decision problem:

p-AWSAT,(O):

Input: a € 0O, a partition of the propositional variables of « into sets X7,..., A, and

ki,..., ks €N
Parameter: k=% +...+ ks
Question: Decide whether there is a subset S; of X} with |S1| = k1 such that for every subset S,

of Xy with |Sa| = ko there exists ... such that the truth value assignment S;U...US,
satisfies «

Obviously, we have p-AWSAT(0©) = p-WSAT(0O). The main result for the A-hierarchy goes as follows.

Theorem 10 For every ¢ > 1, we have the following characterization of A[f):

Alf] = [{p-AWSAT (T 4 U Ay g) | d > 1}

This theorem is an immediate consequence of the following fpt reductions.
o p-AWSAT(T1 4 U Ay 4) <Pt p-MC(%,) <Pt p-AWSAT, ('} 5) if £ > 1 is odd.
« p-AWSAT (T4 U Ay 4) <P* p-MC(,) <P* p-AWSAT,(AT,) if £ > 1 is even.
A precise proof of these reductions can be found in [1]. Here, we will only sketch the proof idea.

Proof Sketch. We will first show that the alternating weighted satisfiability problem p-AWSAT(I'1 jUA; 4)
is contained in A[¢]. For this let (o, X1,..., X, k1,...,ks) be an instance of p-AWSAT,(I'; 4 U Ay 4). Let
k=Yt k;and let X1,..., X,, be the variables of a.

For our model-checking problem we create the structure 20 with universe [1,m] so that there is a
bijection between the propositional variables and the elements in our universe. We expand the structure
by unary relations P; := {j | X; € &;} that describe what variables are in which input sets. Using this



structure, we can convert the alternating weighted satisfiability problem into a first order formula in a
straightforward fashion. The quantifiers of the assignments transfer to the quantifier of the first order
formula. Thus we can simply use a formula that looks like the following;:

Hxl...Ekal( /\ Prx; A /\ €; #xj VAN

ie[l,kl] 1<i<j<kr
Vl‘lirl...Vl'lier(( /\ ngi/\ /\ acz;éxj) — (w(xl,,xk)>))
i€[k1+1,k1+k2] k1+1<i<j<ki+ko

The construction of ¢ for the quantifier free part is omitted here and can be found in the book. Now we
have
(a, Xy, oo, Xk, .. kg) S p—AWSATg(FLd U Al,d) — AU ): )

For the second part of this proof, we consider the A[¢]-hardness of the alternating weighted satisfiability
problem, namely p-MC(%,) <Pt p-AWSAT ('} ). Given a structure 2 with universe A and a ¥s-sentence
¢ we create propositional variables X;, with the intended meaning that the i-th variable of ¢ gets the
value a € A. We create the sets Xj,..., Xy such that they describe the quantifiers of the formula and
thus we can use the alternation of the sets in the alternating weighted satisfiability problem in order to
represent the alternation of quantifiers in the first order formula. First, we want to create a formula «
such that

AE <= (a,X1,..., X, k1,..., ki) € p-AWSAT,(PROP)

In order to create an o € PROP with this property, we need to create another formula that states that in
each set X; we have for all j € [1, k;] exactly one a € A such that X, is set to true. Additionally, we have
to transform the quantifier free part such that the new formula is satisfied if and only if the corresponding
assignment to the variables satisfies it the quantifier free part. Both of this can be fairly easy done. The
tricky part is to get a from PROP to a formula in I'; ,. We will omit this part here and only refer to the
book [1] for further details. O

4 Further Complexity Classes

In the end, we want to fill out a little more space in our parameterized complexity landscape and add
some more classes to the hierarchies and in between them.

4.1 W[SAT] and A[SAT]

We have seen that the W-hierarchy can be represented by a weighted satisfiability problem of certain
fragments of the class PROP and that the A-hierarchy can be represented by an alternating weighted
satisfiability problem of certain fragments of the class PROP. What happens, if we do not only consider
certain fragments of PROP but the whole class itself? In other words, how can we place the complexity
of p-WSAT (PROP) and p-AWSAT (PROP), where we have no restrictions on the parameters ¢ and ¢ inside
of our hierarchy? Here, dropping the ¢ parameter in p-AWSAT (PROP) means that we allow arbitrary
quantifier alternations for the assignment.



Definition 11 (W[SAT]) W[SAT] is the class of all parameterized problems fpt-reducible to p-WSAT (PROP),
namely

W[SAT] := [p-WSAT(PROP)]™*

Definition 12 (A[SAT]) A[SAT] is the class of all parameterized problems fpt-reducible to p-AWSAT (PROP),
namely

A[SAT] := [p-AWSAT (PROP)]P*

Clearly we have
FPT C W[1] CW[2] C ... C W[SAT] C WIP]

and there is no reason to believe that any of these relations are not strict. If we assume that the W-
hierarchy is strict, then we also have U1 W[t] C W[SAT]. The converse is also true, i.e., if we assume
that there is a t > 1 such that W[t] = W[SAT], then the W-Hierarchy collapses to its ¢-th level.

4.2 The A-Matrix

We can also fill the gap between both hierarchies. In the case of the W-hierarchy we use the alternation of
propositional connectives in order to increase the computational power and in the case of the A-hierarchy
we use the alternation of assignment quantifiers. This means that we can create a two dimensional matrix
of complexity classes rather than just two hierarchies on their own.

Definition 13 (A-Matrix) Let {,t > 1. Then we define

AL, 1] == [{p-AWSAT(T;.q U Arg) | d > 1}]™*

Again, t denotes the number of alternations of propositional connectives and £ denotes the number of
alternations of quantifiers in our alternating satisfiability problem. We already know that W[t] = A[1, ]
for all t > 1 and that A[¢] = A[(,1] for all £ > 1. Using similar methods as we used above, one can prove
that for every £ > 1 and ¢t > 2, we have A[(,t] C A[{ + 1,¢ — 1]. This means that quantifier alternation
seems to be at least as strong as the alternation of connectives.

Finally, we will give a visual overview over the known containment relations in both of our hierarchies
and in the A-matrix. Note that there are further complexity classes inside of this hierarchy that were not
mentioned in this seminar but nevertheless are very interesting on their own.

10



WIP] XP
T

W([SAT] A[SAT]
I I
A[l,3] = W3] A[2,2] A[3,1] = A[3]
T -
A[1,2] = W[2] Al2,1] = A[2]
]
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